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Abstract 
The primary aim of thi s study is to develop and validate a hydrodynamic model for the 
design of pleated cartridge filters. This software package is intended to develop into a 
cost effecti ve, robust and re li able design tool to enable engineers to appraise the 
operation of a filter. Mathematical theori es are still being deve loped in order to build 
sound software for coupled flows in geometrically complicated domains. This is mainly 
due to the little understanding of the mathematical theori es in addressing interfacial 
constraints in coupled flows. 
A 2-D computer code has been developed to simulate both Newtonian and non-
Newtonian flows in the filter. The model is based on a flow model described by the 
Stokes, Continuity and Darcy equations. These equations are so lved by the weighted 
residual s finite element method. Two U-V-P schemes based on the Lagrange and Taylor 
Hood elements are developed and tested on va rious coupled flow physica l problems with 
the latter scheme proving to be capable of coping with complex geometries. The 
limitations of the Lagrange scheme are described. 
Preliminary numerical experiments were based on simple geometri es and the domain 
complexi ty was increased in steps to examine the model fl ex ibility in dealing with 
vat·ious si tuations. The U-V-P Taylor Hood scheme was verified on single and multiple 
curved boundaries. An ex tensive literature search showed that most research concentrates 
on straight or flat interfaces and boundaries, which do not present difficult numerical 
problems. 
The deve loped hydrod ynamic model with the overa ll permeability model incorporated 
was va lidated against experimental data. The incorporati on of a permeability model into 
the hydrodynamic model accounts for fi lter media deformation during operation. 
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Chapter 1 
1.1 Preliminary Remarks 
Chapter 1 
Introduction 
Introduction 
This study is part of a multi-disciplinary project undertaken by vanous players 
involved in the design and development of high performance pleated cartridge filters 
for aeronautical applications. The project gathers organisations and institutions each 
with its own core function. The following tasks form the core activities of some of the 
players involved: manufacturing of filtration media, filters and composite materials. 
An aerospace company is also a key player and an airline company takes the role of 
an observer. Two educational institutions are involved in the simulation of the 
filtration process and the study of plastic material and composites. The overall aim of 
the project is to meet the future filtration requirements through the use of more 
ecological materials and improvement of cartridge lifetime. 
Pleated cartridge filters find applications in many areas. These include the automotive 
industry , water treatment, chemical processing, air conditioning systems and clean 
environment technologies such as dust extractors and gas masks. Pleated cartridge 
filters are constructed using different materials such as nylon , fibreglass, antistatic 
material , polytetrafluoroethylene (PTFE) , polypropylene, micro melt, carbon fibres, 
phenolic or epoxy resins, thermoplastics and speciality cellulose. 
1.2 Problem Definition 
The terms of reference of this study are to develop and validate a hydrodynamic 
model capable of providing flow fields in free flow, porous flow and coupled flow 
domains. The hydrodynamic modelling will be a first step in understanding the 
physical mechanism of the fluid flow through free and porous flow domains in filter 
elements. The overall model consists of a hydrodynamic model and a mass transport 
model. Owing to the complexity of the problem and the available time the mass 
transport model is not considered in this study. Figure 1.1 shows a schematic diagram 
showing the modules making up the overall simulation package. 
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Chapter 1 
HYDRODYNAMIC 
MODEL 
OVERALL 
SIMULATION 
PACKAGE 
MASS 
TRASPORT 
MODEL 
rntroductioll 
Figure 1.1 Schematic representation of hydrodynamic and mass transport models 
The overall simulation package would be used in the desig[1 process and performance 
simulation of new filters. There is an enormous increase in the drive towards 
efficiency and optimisation of filter designs. Numerically based software for coupled 
flows in geometrically complicated domains are still being developed and this is 
mainly due to the little understanding of the mathematical theories. MUlti-purpose 
commercial software packages do very little to describe the fluid dynamical behaviour 
in the coupled free and porous flow domains, hence the need to develop a dedicated 
software which can cope with interfacial constraints even in geometrically 
complicated domains. Although a methodology for modelling flow in pleated 
cartridges has been attempted (Wakeman and Harris, 1993), its complexity has 
previously prevented development of a generic model. 
Fluid flow in porous domains is a phenomenon of great interest from both 
applications and theoretical points of view. It finds applications in many branches of 
engineering, including soil mechanics, biomechanics, petroleum industry , chemical 
engineering , material science amongst others. The study of flow in porous domains is 
a daunting task and most stud ies are based almost entirely on empirical approaches. 
2 
Chap/er J JII /roduc/ion 
The combined free and porous fl ow phenomenon occur in a wide range of natural and 
industri al processes. The phenomenon is seen in processes such as ground water flow, 
cross flow and deadend filtration processes, plasma separation from blood and 
heterogeneous catalytic reactions. Coupled free and porous flow dynamics have been 
a topic of deep interest for sc ientists and engineers for a long time and its study is 
widespread in literature. In spite of thi s fac t, accurate, simple and straightforward 
numerical models are still being constructed. The main challenge is to construct a 
mathematical formulation for the coupled free and porous flow dynamics, which 
ensures continuity of flow variables across the interface. It is also vital to incorporate 
the influence of the rheology of the fluid on the fluid dynamical behaviour. The 
impact of combined flow on the overall performance of filter elements depends on 
factors such as the dimensions of the filter elements and the characteri stics of the filter 
media e.g. the permeability. The other issues to consider are the movement of the 
domain or sub-domain and/or the interface due to flu id pressure in combined fl ow 
regimes. This prevents a generalised theoreti cal analysis of combined flow systems. 
1.3 Objectives and Practical Significance of Study 
The main objecti ve of this study is to develop a code, which provides pressure, and 
veloc ity fields in coupled free and porous flow domains. Detailed mathematical 
analysis of the combined flow systems is beyond the scope of the present study. This 
study will take an engineering approach by developing a hydrodynamic model in 
which principles of phys ics would hold and would allow incremental development to 
include any meaningful developments in mathematical theory. This is a pre-
requirement fo r the development of an overall model comprising the hydrodynamic 
model and the mass transport model. The development of the code would be achieved 
through deri vation of the appropriate system of working equations, which would be 
solved through an iterati ve algorithm. Appropri ately chosen boundary conditions 
would be incorporated into the resulting numeri ca l scheme(s). The solutions obtained 
by numeri cal experiments are compared with the experimental data prov ided by the 
project's industrial partner and mass conservation should be ensured in the simulation. 
These compari sons should validate the predictive nature of the s imul ation package. 
3 
Chapter 1 Introduction. 
It is imperative on aircraft component builders to continuously develop better 
products to meet and exceed the ever-challenging economic, operational, regulatory 
and environmental concerns. 
The aim is to introduce a tool for filter design and analysis for the practical engineer 
and researcher. The software simulation package would allow changes to des igns to 
be quick and very economic. This will allow users to be able to appraise the operation 
of a fil ter before one is actuall y built in the workshop. The overall model woul d take a 
blackbox configuration in which the user can change the fl ow a nd material 
charac teris tics and immediately note the effects on the des ign. This is envisaged as the 
ultimate design tool which would allow users greater fl ex ibility and convenience and 
easy of operation without demanding a high level knowledge of fluid mechanics on 
their part. It is set to be a standard fo r computer-aided design of cartridge filters. 
The simulation package should be capable of investigating the effec ts of altering the 
filter geometry, flow system characteri stics, materi al properties of the hyd raul ic fluid 
and the filtering medium, and operational conditions on the overall performance of 
any given filters. The code will also provide strategies to prolong the life of filters and 
this may require specifying the optimum permeability, geometry and operating 
conditions. The current des igning of fi lters is based on empirical data, background 
knowledge, and physical and analytical models, which are usually difficult to use and 
accuracy is not always maintained. The provision of this code will ensure quick and 
more reliable analyses and its arrival doesn't replace pure theory or experiment but 
complements the two. 
Most applications today use non-renewable cartridges, which present di sposal 
problems since they cannot be recycled or incinerated. This is causing great 
environmental pollution considering the larges volumes of spent cartridges disposed 
by the aeronautics and automoti ve industri es, besides the hydrauli c flui ds used are 
hazardous to health . The code will be able to evaluate the alternati ve (ecologically 
safer) materi als thereby allowing the use of more environmentally friendly materials, 
which do not present any di sposal problems. 
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The code would not be exclusive to filtration processes but could find application in 
other areas with free flow and porous flow domains. The code would be suitable for 
separation technologists, hydrologists, researchers, scholars and anyone with an 
interest in coupled flows. 
1.4 Outline of thesis 
This thesis comprises seven chapters excluding the appendices. Chapter I is the 
introductory chapter defining the problem and outlining the objectives and 
significance of the study. Chapter 2 gives an analysis of some previous work done in 
modelling of coupled flows with a view of building onto the knowledge. The relevant 
filtration concepts are laid out here. The third chapter describes the basic model 
equations and the underlying reasons for their selection in the present study. In 
Chapter 4 the derivation of the working equations is presented. Chapter 5 is devoted 
to the presentation and the di scussion of results. Chapter 6 contains the conclusion of 
thi s study and suggestions for further work. All the citations done in this work are 
listed in Chapter 7. Appendix I contains experimental and simulation data for the 
modelling of flow in filter elements. Published material s together with comments 
from referees are in Appendix II whilst the program listing and manuals are in 
Appendix Ill. 
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Chapter 2 
Literature Review and Fundamentals 
2.1 Introduction 
It is vital to wlderstand the nature of the flow characteristics in a pleated cartridge 
ftIter e lement in order to construct a sound hydrodynamic model. The present chapter 
outlines some relevant ftItration concepts together with some reviewed literature on 
coupled free and porous flow systems. The filter cartridge geometry considered is 
described and the change of the geometry in operation is discussed. It is desirable for 
the developed code to be able to cope with various geomeaies. This will ensw'e that it 
is applied to a wide range of engineering problems invo lving free and porous flow 
systems. Some experimental work on the effects of geometry on the flow 
characteristics is also reported here. Various flow models are reviewed in this chapter 
and their links to this study are established. Most coupled flow systems are 
constructed from linking separate free and porous flow models together. With this 
logic the literatw'e survey begins by analysing the separate models fo llowed by the 
coupled systems. 
2.2 Filter Cartridge Assembly and Analysis 
A typical hydraulic fluid circuit for a pleated cartJidge filter is shown in Figw'e 2. 1 
below 
Figure 2.1 A typical hydraulic fluid circuit for a pleated cartridge filter 
6 
- - - - - - -- - - - -- ---- - ----~~~~~~~~~~~~~~~-
Chapter 2 Literature Review al1d FUl1damemals 
The fluid fl ows in through the inlet at the top and is uniformly distributed around the 
entire pleated cartridge surface and, seeps through the filter medium and collects in 
the filter central cylindrical core and then drains out through the bottom of the 
assembly. 
A filter element consists of the outer casing (housing), the filter medium and the inner 
core. Pleated filter cartridges are usuall y constructed in cylindrical form and they 
come in various configurations with diffe rent sizes , end caps, cores, and appearance. 
Any combination of the aforementioned factors in one pleated cartridge will result in 
different filt er cartridge models. The central core supports the filter medium and 
enables it to withstand high pressure drops and high fl ow rates . A filt er housing may 
contain s ingle or multiple cartridges. Wakeman and Harris ( l993) identify the three 
most common types of pleated filter cartridge constructi ons which are: 
a) Star-shaped in which the media is pleated radially and the fluid fl ows radiall y 
inwards through the media and a fi lter assembly core 
bl Axially-pleated media which is folded at the internal and ex ternal 
circumferences 
c) Spirall y wound filt er cartridge with the fluid flowing ax iall y through the 
media and either straight out the other end or back through a non-perforated 
central support 
Figure 2.2 shows di fferent pleated filter cartridges element geometri es. 
Figure 2.2 
Pleated 
cylinder 
concentric 
Pleated 
cylinder 
Pleated filter cartridges element geometries 
Pleated 
cylinder 
multi ples 
Ax iall y 
pleated 
cylinder 
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Pleated cartridge filters are constructed using different materials such as yarn papers, 
binder free and resin bounded fibres, synthetic fibres , woven wire, sintered metal 
powders and fibres and ceramics. The large surface area in a pleated cartridge 
increases the service life and efficiency of the filter in comparison with the 
convectional non-pleated cartridges under the same operating conditions and it also 
increases the rigidity of the filter. Pleated filter cartridges are usually compact and are 
Llsed to remove small amoun ts of finer solids from dilute suspensions. Cartridges are 
changed when the solids built up on the filter medium surface cause an unacceptable 
pressure drop. 
This study uses a stage-by-stage approach by developing a model for each part of the 
filter assembly. Owing to the complexity of the problem it was necessary to divide 
the filter into three zones for modelling. Zone I is the free flow region between the 
housing and the surface of cartridge (Figure 2.3), zone 2 is the filter medium (a 
porous flow region) , and zone 3 is the core flow region (which is also a free flow 
region). 
Free Flow 
Regions 
Figure 2.3 
Porous Flow 
A typical cross-section of a pleated cartridge showing the three 
'-....! 
regions to be modelled. 
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A large number of studies of coupled flow systems are based on geometrically simple 
domains for either the ease of computer simulations or deri ving analytical solutions 
for the flow problem. Most investi gations have been carried out on rectangular 
domains (Gartling et ai, 1996; Alazmi and Vafai, 200 I). In certain engineering 
applications cylindrical tube and shell systems flow domains were studied (Pangrl e et 
al., 199 1; Nassehi and Petera, 1994; Nassehi, 1998). Chen et al (1995) developed a 
finite element model for optimising fil ter des igns based on a rectangularly pleated 
filter panels. Benmachou et al (2003) describes a one-dimensional model for fluid 
flow in a single pleat. In the model the Navier-Stokes equations are averaged in such a 
way that an analytical I D equation can be es tablished for momentum. This approach 
rather oversimplifies the problem and it is difficult to relate the mathematical 
formulation to the physical problem. To the best knowledge o f the author, the onl y 
study on which there was attempt to develop a generic model fo r the complicated 
pleated filter cartridge geometry was reported by Wakeman and Harri s ( 1993) . 
FILOS, a program fo r filter des ign and operation, was developed by Nicolaou (2003) . 
FILOS is heavil y dependent on a database of measured experimental data such that its 
investigative value is limited on completely new fil ters des igns. The other limitation 
is it tends to focus on cake filtration and it does very little to describe the fl ow fields 
in the free and porous flow regions of a fil ter. 
Tarleton and Wakeman (2003) present a Windows® based computer so ft ware for 
selection of solidlliquid separation equipment. The software provides a systematic 
approach to the selecti on of solid/Jiquid separation equipment. However the software 
does not have any filter design modules for development of new filters. 
Park et al (2003) carried out some experiments with several dozen cartridge filters 
hav ing di fferent geometries in order to find out the effect of pleating vari ab les such as 
pleat depth , pleat count and filter length on the fl ow field . The studies were carried 
out on clean cartridge fi lters onl y. Park et al (2003) were able to show experimentall y 
that when the filtration veloc ity is constantl y maintained the pressure drop of the 
cartridge filters having the same pleat depth is increased with pleat count. Park et al 
(2003) also noted as that the pleat depth and pleat count are increased, the pleat 
chan nel becomes deeper and narrower, resulting in higher pressure drops across the 
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filter elements. These resul ts are important in the design and bui lding of cartridge 
filters. It is essenti al to develop a simulation package, which is able to simulate such 
fl ow characteristics and remove the need to continuously physically bu ild di ffe rent 
prototypes to test different phenomena. 
2.3 Filtration Mechanism 
The filtrati on mechanism for the type of filte rs being studied is deadend filtration in 
which the feed stream fl ows in the same direction as the permeate. In deadend 
filtration the dispersion is normal to the porous medium and no shear is exerted at the 
surface of the porous medium. As opposed to cross flow filtration in which the 
tangential flow tends to remove the deposited layers dead-end fi ltration maintains 
particle build-up on the porous medium surface. Figure 2.4 illustrates the differences 
between deadend and cross fl ow filtration mechanisms. In crossfl ow filtrati on a 
portion of the feed stream is used to carry away some of the particles. 
feed 
feed retentate 
r r r 
-- ---
----
--- -- --.*.-- - --- -- - - - - - - ----+-j~ 
~ 
permeate permeate 
DEAD-END CROSS FLOW 
Figure 2.4 Schematic representati ons of deadend and crossfl ow filtration 
2.4 Media Deformation 
This sect ion describes the effect of fluid flow on the geometry of a filter mediu m. It 
lays out the fundamental equation of flow through porous media and more detailed 
description and treatment of the equat ion is given in Chapter 3 and Chapter 4 . The 
flow of a fluid in porous media is characterised by Darcy 's law (Darcy, 1856). Darcy 
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(1856) presented a fundamental relation between the pressure drop and the flow rate 
of a fluid passing through porous media. The frictional losses incurred as the fluid 
flows through a porous medium leads to a differential pressure. Darcy' s law stipulates 
that the flow rate through a porous medium is directly proportional to the pressure 
drop across the medium for a clean fluid and it can be represented graphically as 
shown in Figure 2.5 below 
Flow 
Figure 2.5 Graph ical representation of Darcy's law 
Figure 2.5 shows an idealised state in which there is no change in the fluid 
characteristics and the geometry of the porous medium. Pleated cartridges routinely 
handle higher flow rates than other convectional non-pleated cartridges. However, 
hi gher flow rates often cause some pleats to spread and others to 'c rowd ' resulting in 
compression of the medium and reduction in the effective fi ltration area. These two 
phenomena namely compression of porous medium and loss in filtration area cause 
some deviations from Darcy 's law. 
2.4.1 Compression of filter medium 
When a fluid flows through a flat porous medium it creates a differential pressure, 
I:;P, across the medium. This pressure drop is as a result of the resistance to flow 
imposed by the medium. At high flow rates the flat permeable material is compressed 
by the pressure exerted by the flowing fluid, thereby increasing the resistance to flow 
as shown in Figure 2.6 where 6.Pc is greater than 6.P,. Compression increases the 
resistance to flow of a medium by reducing its porosity. 
I I 
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M', t L-____ --" 
UTILE OR NO COMPRESSION COMPRESSION 
Figure 2.6 Schematic representation of fluid flow through a fl at permeable material 
The differential pressure increases with the flow rate as a result of an increase II1 
compression of the filtering material. If there is no compression of filtering material 
the resistance to flow of the medium is expected to remain constant as shown in 
Figure 2.5. Consequently thi s means that the porosity of the medium remains 
unchanged in the absence of compression. 
2.4.2 Loss in Filtration Area (Crowding of pleats) 
Pleated filter cartridges are built by winding pleated fi lter medium around a central 
core and end caps are put at the ends to hold the pleated medium together. When a flat 
filter medium is pleated and assembled onto a filter element core its fi ltration area is 
ideally expected to re main the same. However when a fluid is passed through it the 
pleated fi ltering medium besides getting compressed it also loses some of its effective 
filtering area as shown in Figure 2.7. 
Figure 2.7 
Open pleat 
(no area loss) 
Closed pleat 
(area loss) 
Pleats illustrating the loss in filtration area effect 
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The cumulative effect of compression of medium and loss in fi ltration area increases 
the resistance of the medium to flow. It is also expected that the di fferential pressure 
increase with flow rate. The collapse of pleats during the filtrat ion cycle is especially 
prevalent when deep pleated cartridge elements are used in applications with high 
pressure drops (Waldenmaier, 2003) . The loss in filtration area effect al so leads to the 
deviation from Darcy's law as the resistance to fl ow of the materi al changes. 
In order to avoid this some cartridges employ an external plastic net or wire mesh that 
holds pleats in place and improves the overall efficiency and integrity. Fibre integrity 
specifications refer to the availability of effective sealing and absence of fibre 
shedding. Waldenmaier (2003) presented a filter medium with corrugated sinusoidal 
curves wi thin the pleated geometry in order to enhance its mechanical stability. Figure 
2.8 shows a magnified picture showing corrugated sinusoidal curves in a pleated 
medium. 
Figure 2.8 A magnifi ed picture showing corrugated sinusoidal curves in a pleated 
medium [Waldenmaier, (2003») 
2.5 Flow Models 
2.5.1 Porous Flow Modelling 
Flu id flow in porous domains is a phenomenon of great interest from both 
applications and theoretical points of view. It finds appli cati ons in many branches of 
engineering, including soil mechanics, biomechanics , petro leum industry, chemical 
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engineering, material science amongst others. The study of flow in porous domains is 
a daunting task and most studies are based almost entirely on empirical approaches 
(Darcy, 1856) (Bear, 1972) (Stark, 1972). Various studies of flow through porous 
media considered the porous medium as being composed of cylinders (Sparrow and 
Loeffler, 1959) ( Sangani and Acrivos, 1982a) (Larson and Higdon, 1986), spheres 
(Sangani and Acrivos, 1982b) (Zick and Homsy, 1982) (Sangani and Behl , 1989) and 
tube and shell (Pangrle et ai, 1991 ). The Darcy and Continuity equations govern the 
fluid motion though porous media. Darcy's law, as it is al so known as, is valid for 
creeping flows with very small values of Reynolds number based on pore size, which 
is small enough such that the inertial effects become negligible. 
Computational methods and technologies allow modelling and simulation of various 
phenomena in porous media. The solution of Darcy equation has traditionally been 
based on two different approaches. In the first one only the pressure is the unknown 
primitive and in the second one pressure and velocity are the prime unknowns. In the 
single-field formulation for pressure the ex isting finite element methodology is known 
to give solutions with adequate accuracy (Masud et ai, 2002). However in thi s 
formulation the velocity flux is obtained by mUltiplying the gradient of pressure by 
the ratio of permeability to viscosity. This results in a loss of accuracy and mass 
conservation is not guaranteed. This leaves a practical engineer with no robust tool to 
tackle porous flow problems. Other techniques have been attempted to determine the 
velocity field through variational recovery (Loula et ai, 1995; Malta et ai , 2000). In 
order to circumvent the difficulties outlined above most analyses tend to use the 
mixed formulation in which pressure and velocity are the prime unknowns (Masud et 
ai, 2002; Ruziwa et ClI 2003a, 2003b). Accurate results are attained for both velocity 
and pressure and mass conservation is ensured. The mixed formulation however 
comes with its own demands; the interpolation spaces for velocity and pressure must 
be chosen in such a way as to satis fy the Ladyzhenskaya-Babuska-Brezzi (LBB) 
stability condition (Nassehi , 2002) which arises owing to the absence of a pressure 
term in the incompressible continuity equation . The detailed description and treatment 
of the LBB stability condition can be found in textbooks on the finite element method 
theory (Reddy , 1993). The demands of the LBB stability condition limits the types of 
available elements in the modelling of incompress ible flow problems by the mixed 
formulation approac h. The use of elements generating identical interpolations for 
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velocity and pressure yields inaccurate and oscillatory results (Nassehi, 2002). There 
are various strategies of coping with the constraints imposed by the LBB stability 
condition. Non-standard elements such as the Taylor-Hood type (Taylor and Hood, 
1973) can be employed. It is also possible to use a technique in which it is not 
necessary to consider the LBB stability condition (Hughes et ai, 1986; de Sampaio, 
1991 ). 
Masud et al (2002) developed a new stabilized mixed finite element method for Darcy 
flow in which there are no mesh dependent parameters. The whole purpose of 
stabilized methods is to construct stable and convergent sys tems. Masud et al (2002) 
presented two formulat ions, one based on cont inuous velocity and pressure 
interpolations and the second one based on continuous velocity and discontinuous 
pressure interpolations. Convergent solutions were obtained in both cases and in the 
latter case it can be argued that if the velocity space is sufficiently "enriched" then 
convergent solutions are obtained for discont inuous pressure elements. This is similar 
to the use of Taylor-Hood type of elements, which are based on a lower order of 
interpolation for pressure calculations than the velocities. This may also be likened to 
the use of bubble elements in which the velocity space is typically "enriched" (Simo 
eT ai, 1995; Burman eT ai, 2002). This approach may give the des ired results but there 
may be a loss in accuracy in the pressure fie ld results since a lower order 
approximation is used. It may be necessary to compute the pressure using variational 
recovery. 
2.5.2 Free Flow Modelling 
The study of fluid dynamical behaviour of free flows is usually straightforward and 
the well-known Navier-Stokes or Stokes equations can be used to model such 
domains. This section describes the difficulties encountered in the solution of both the 
Navier-Stokes and Stokes equations. In this study the main focus wou ld be on the 
Stokes equations since they describe the laminar creeping flows encountered in 
pleated cartridge fi lter elements. However the major difficulties met in solving the 
Navier-Stokes equations also exist in the solution of the Stokes equations. 
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Franca et al (1993) studied the stability problem in the Stokes equations associated 
with the choice of finite element interpolation functions for velocity and pressure. As 
previously stated in Section 2.5.1 in the solution of Darcy equation Franca et al 
(1993) also pointed out that the finite element spaces for velocity and pressure must 
be chosen careful as to satisfy the Ladyzhenskaya-Babuska-Brezzi (LBB) stability 
condition. This imposes a restriction on the choice of elements to use in the modelling 
of incompress ible flow problems by the mi xed formulation in which ve loc ity and 
pressure are the prime un knowns. There various stabilisation methods available in use 
in di fferent ways. 
Hughes et al (1986) implemented a weighting procedure which stabilizes the solution 
of the Stokes equation and Zienkiewicz and Wu ( 199 I) showed the natural ex istence 
of similar stabilization in vari ous time stepping techniques of an associated transient 
problem when a steady state so lution is obtained. The Petrov-Galerkin method used 
by Hughes et a! (1 986) al so finds application in continuum mechanics (Causin and 
Sacco, 2002). The violation of the LBB condition generates unphysical or spurious 
pressure oscillations and "locking" of the velocity field (Hughes, 1986). Franca et a! 
(1993) shows that it is poss ible to circumvent unstable schemes associated with the 
classical mixed methods allowing convergence fo r many simple interpolations. Mesh-
dependent terms can be added to the Galerkin methods without loss of consistency 
since the exact solution sati sfies both the Galerkin term and the additional term (KJ ass 
et aI, 1999) . The mesh-dependent terms are we ighted residuals of the di fferential 
equations. 
de Sampaio ( 1991) applies the Petrov-Galerkin scheme to solve the Navier Stokes 
equations and ill the process achieves similar stabilization to the Hughes el Cl! ( 1986) 
form. de Sampaio Cl 99 1) procedure circumvents the LBB stability condition and 
allows equal order interpolation fo r velocity and pressure to be chosen. de Sampaio 
(199 1) extended the least-squares procedure implemented by Ji ang et al ( J 988) for the 
so lution of the incompress ible Navier-S tokes equations. In the formulation de 
Sampaio Cl 99 1) relates the upwinding parameter to the time stepping technique used 
in the temporal di screti zation. Thus all the terms in the weighting functions are related 
to the time stepping technique employed in the temporal discretization. de Sampaio 
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( 1991 ) shows that a time stepping method which properly describes the dynamic 
status of the veloc ity fi eld results in a stable pressure solution. 
Hughes (1995) showed that there is a link between stabilized methods and bubble 
functions methods. One stabilising technique involves constructing LBB stable 
elements by adding bubble functions to equal order continuous interpolation elements 
(Kl ass et ai, 1999). This method is shown to be identical to stabilised methods under 
certain conditions (Baiocchi et ai, 1993). Bubble-type shape functions have been 
developed to sati sfy the LBB stability condition. This is achieved by enriching the 
space velocities so as to impose convenientl y a number of conditions which satisfy 
the LEE stability condition (Simo et al, 1995). The use of bubble elements 
significantly reduces the number of elements thereby reducing the complexity of the 
problem. A three dimensional domain can easily be described by a few bubble 
elements as opposed to a large number of Lagrangian elements which would be 
needed to provide the same accuracy. The smaller matrices obtained as a result of 
using less elements reduce the computer memory requirements fo r the computation. 
Thus, computational time will invariabl y be reduced. The same interpolation models 
for pressure and veloc ity (mixed fo rmulation) can still be employed together with the 
bubble functions. A bubble element introduces a high order function which can easil y 
be integrated analyti call y so there is no problem of selecting the optimum Gauss 
quadrature weights. The bubble function enriches velocity onl y resulting in less 
accuracy in the pressure variable compu tations. This will necess itate the employment 
of some vari ational recovery method in order to get accurate pressure values. Owing 
to the nature of bubble elements they tend to increase the di scretization error because 
they don ' t fit properly in a complex domain. 
2.5.3 Porous Wall Boundary Conditions 
The study of flows in free flow regions in the proximity of porous walls demands that 
there be continuity of fl ow fi eld vari ables ac ross the interface between free flow and 
porous regIon. The prime hurdle in modelling combined fl ow behaviour is the 
formulation of the fluid flow equations representing both the free and porous flow 
with appropriately chosen in terfac ial conditions. The difficulty ari ses from the 
difference in the orders in the system of equations representing the different regions 
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(Larson et ai, 1986; Nassehi, 1998). In order to circumvent this problem, most of the 
solution algorithms in literature are based on two approaches. The first approach 
employs the Brinkman' s equation (Brinkman, 1947a; 1947b; 1947c) instead of the 
Darcy equation to describe the flow in the porous section or on the interface. The 
Brinkman's equation is attractive since it consists of second order terms, which are 
compatible with the flow equations representing the free flow region. However the 
Brinkman ' s equation only applies to media of high porosity (Kim and Russell , 1985; 
Das, 2002). The second order terms in the Brinkman's equation are not consistent 
with very small values of Reynolds number. The presence of such terms can really 
pose an argument of whether a porous domain exists or not. The second approach is 
based on the slip-wall boundary condition put forward by Beavers and Joseph (1967) 
stating that the interfacial boundary condition can be modified to match the exterior 
fl ow and Darcy 's law is retained for interior flow. The slip wall boundary condition 
relates the slippage at the boundary between the flows inside and outside the porous 
medium with a slip coefficient. Beavers and Joseph observed that the difference 
between the slip velocity of the free fluid and the tangential component of the seepage 
velocity is proportional to the shear rate of the free fluid. This is supported by their 
experiments in which they found that the proportionality constant depends linearly on 
the square root of the permeability. Saffman (1971) extended the Beavers and Joseph 
method by applying it to a non-homogenous porous medium by adopting a statistical 
approach and outlined a theoretical justificati on for the slip wall condition. lager and 
Mikelic (2000) justified mathematically Saffman's form of the Beavers and Joseph 
condition. Beavers and Joseph (1967), Saffman ( 1971 ) and Jager and Mikelic (2000) 
achieved an important step towmds the understanding of the fluid mechanics at the 
interfaces between free and porous flow regions. 
Papanastasiou et al (1992) proposed imposing 'no' boundary condition at the outflow 
for Navier-Stokes equations. Mathematically thi s leads to an underdetermined 
problem at the level of the partial differential equations. However, at the discrete level 
the problem is well posed. In a finite element scheme this is achieved by not 
integrating by parts all those equations associated with nodes on the outflow 
boundary. This ensures that no boundary integrals are generated which is equi valent 
to not imposing the boundary condition if the order of the shape functions is at least 
equal to that of the differential equation. In di scretizations using lower-order elements 
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a bOllndary condition based on setting highest order differential s to zero is imposed 
(Sani and Gresho, 1994). Renardy (1997) analysed a one-dimensional problem and 
shows that the 'free' boundary condition of Papanastasioll et al (1992) actually 
imposes an effective boundary condition. Renardy (1997) showed that this choice of 
outflow conditions performs in a way, which is superior to more 'standard' artificial 
boundary conditions. 
2.5.4 Coupled !low modelling 
Studies of combined flow systems cut across different engineering applications such 
as metal processing (Gat·tling el al .• 1996), filtration processes (Pangrle el al., 1991 ; 
Wakeman and Harris, 1993; Nassehi, 1998) and pulmonary alveoli in the lungs (Tang 
and Fling, 1975). The core fluid dynamics of these engineering applications differ 
from case to case. The fluid dynamical behaviour, amongst other factors , depends on 
the porosity of the permeable substance, different interfacial and boundary conditions 
and the flow potential across the domain . The complex interactions between free and 
porous flow systems have prevented generalised theoretical analysis of the coupled 
flow systems. The prev ious studies cited here are mainly based on the finite element 
method, which is the method chosen in thi s study. The power of the finite element 
method in dealing with non-linear field problems in geometrically complex domains 
make thi s technique the most appropriate method for the solution of the governing 
equations of viscous flows. More detail s on the finite element method used in this 
study will be given in Chapter 4. 
Pangrle el al (1991 ) presented a finite element scheme to solve the Navier-Stokes 
equations and the Brinkman equation. The scheme was used to study steady, 
incompressible, laminar fluid flow in porous tube and shell sys tems. The main 
drawback here is the simplification Pangrle et al (199 1) made in choosing the 
effective viscosity as the same as the fluid viscosity. This use of the Brinkman's 
equation as a qualitative approach to modelling the fluid/porous medium interface 
presents an oversimplification. The formu lation may need an iterative loop in which 
thi s assumption is corrected in the generation of the solutions. 
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Wakeman and Harris (1993) attempted to develop a methodology for modelling flow 
in pleated cartridges filters. In the model the Navier-Stokes and continuity equations 
are used to evaluate pressure and velocity profiles in the viscous now regions and the 
Darcy equation describes the flow in the filter medium. Unlike the Navier-Stokes 
equations used the Stokes equations better represent the flow in viscous n ow domains 
in the proximity of domains in which the flow is described the Darcy equation. The 
numerical scheme developed by Wake man and Harris (1993) is based on the finite 
difference method. The finite difference method is not capable of coping with the 
complex geometries found in pleated cartridge filters (Gray et ai, 1976). 
Nassehi and Petera (1994) presented a method for linking the Navier-Stokes and 
Darcy equations along a porous inner boundary based on a least-squares finite 
element technique and uses isoparametric C' continuous Herrrlite elements for domain 
discretization. The choice of C' continuous Hermite elements avoids the main 
drawback in the use of CO continuous elements in such analyses. In the use of CO 
continuous elements there is need to integrate by parts the second order derivatives in 
order to obtain the 'weak ' form of the residual statements. The inter-element flux 
terms generated at the interface of the combined n ow system cannot be ignored since 
they should offset each other. In order to circ umvent this it would be ideal to replace 
the Darcy equation with the Brinkman 's equation. However the inter-element fluxes 
generated by integration by parts would be e liminated if the fluid viscos ity and the 
'effective viscosity' are assumed to be the same. It is difficult to justify that 
assumption since thi s would mean the permeability of the porous medium must be 
large enough. This will bring an argument whether one still has a ' porous medium' . 
The substitution of the Darcy model would need experimental and theoretical 
justification . The use of C' continuous Hermite elements do not necess itate the need 
to integrate the second-order derivatives by parts thereby generating inter-element 
flux terms which are difficult to eliminate. Hermite elements can readily cope with 
second-order derivatives in the governing equations without the applicati on of 
integration by parts since they are constructed utili sing higher-order interpolation 
models. The associated interpolation function s of Cl continuous Hermite elements are 
of a high order. The high order interpolation enhances the accuracy of the schemes 
though their handling is not always straightforward and its use may require excess ive 
computational effort espec ially fo r three-dimensional analyses. In the Hermite 
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element formulation the number of degrees of freedoms in the solution domain 
increases very rapidly by mesh refinement, which results in excessive computational 
time. The least-squares finite element scheme requires that the modelling always be 
done in a coupled form which means that the scheme lacks the flexibility of being 
used in a form in which the Darcy equation is imposed as boundary condition along a 
permeable wall. 
Nassehi and Petera ( 1997) describe a finite element method for linking Navier-Stokes 
and Darcy tlows which occur in combination in crossflow filtration processes. In this 
method the Darcy equation is effectively used as a boundary condition along the 
porous wall, which means there is no need to include the flow through the porous 
media in the overall simulations. The formulation used is based on CO continuous 
Taylor-Hood elements and removes the need for excessive computational effort. In 
the Taylor-Hood elements interpolation of pressure is always based on a lower order 
polynomial than the polynomials used to interpolate velocity components (Taylor and 
Hood, 1973). Thus, despite the success of this scheme in dealing with the basic 
problem associated with the coupling of the Navier-Stokes and Darcy equations due 
to the inevitable reduction in the accuracy of the pressure interpolation it introduces 
an additional approximation into the flow si mulations. Any scheme based on the 
Taylor-Hood elements should ensure mass conservation is maintained. 
Nassehi (1998) describes the modelling of combined Navier-Stokes and Darcy flows. 
In this finite element scheme a modified form of the continuity equation which, 
theoretically, represents slightly compressible fluids is used in order to satisfy the 
LBB stability condition. CO continuous elements with equal order interpolation for 
velocity and pressure are used. This scheme shows a significant improvement in 
approximating the velocity and pressure variables with the same degree of accuracy. 
The scheme was applied to a shell and tube systems configuration and it would be 
important to test on the complicated pleated cartridge geometry. 
Miglio et al (2003) discussed the coupling of the Navier-Stokes equations and the 
Darcy equation for surface and subsurface motion of a fluid respectively. The Beavers 
and Joseph formula is applied at the interface to relate the different mathematical 
unknowns from either subdomain across the interface. Lay ton et al (2003) proposed 
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the solution of the coupled Stokes equations In the fluid region and the Darcy 
equation in the porous medium, coupled across the interface by the Beavers-Joseph-
Saffman conditions (Beavers and Joseph, 1967; Saffman, 197 1). The obvious 
difficulty in this approach is the mathematical complication arising from the coupled 
system of equations of different orders in different regions. It is important to ensure 
continuity of variables across the interface. The mathematical theory underl yi ng thi s 
problem is not completely understood though the Beavers-Joseph-Saffman conditions 
are well established. The technical problem with thi s approach is the existence of 
incompatibilities between the imposed boundary conditions where the interface mee ts 
the boundaries . 
Velten er af (2003) and IIiev et at (2003) developed 3-D finite element and finite 
volume schemes, respec tively, to describe flow patterns in relative ly simple geometry 
filter systems. Both schemes use the Navier-S tokes and Brinkman 's equations to 
describe the flow in the free and porous fl ow regions, respectively. The fl ow regime 
in this work is assumed to be creeping flow with very low Reynolds number (typ ically 
« I), which would render the inerti al terms in the Navier-Stokes equations invalid. 
The Brinkman 's equation cannot adequately describe the flow in the low permeabi lity 
filter media considered in thi s work, which is of the order 10.12 m2 
2.6 Closure 
The performance of a pleated cartridge filter depends on amongst other things the 
filter material itself and the pleat geometry. It is important to build cartridges with 
filter material that prevents the pleats from collapsing in the fi ltration mode. 
Important filtration concepts have been summarised. A brief survey of some previous 
work done in porous flow modeling has been given. The des ire to achieve stable and 
non-oscillatory results led to an in-depth survey of numerical schemes and 
stabilisation methods in use. 
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Mathematical Model 
A set of flow and a constitutive equations are used to describe the mathematical 
model used in thi s study. The velocity and pressure fie lds depend on the solu tion of 
the governing momentum and mass balance equations. The governing equations given 
here can be obtained in various forms and they provide a framework to develop the 
main structure of a solution algorithm, which can be readily extended to include 
additi onal features for specific problems. This allows different numerical schemes to 
be constructed from the governing equations. This can be achieved through 
modifications of the basic formulation, depending on the physical characteri stics of a 
problem being modelled and the natu re of its boundary conditions. Steady state forms 
of the equations are also considered in this present work. More detail s on the schemes 
derived from the governing equations given here and used in thi s work are given in 
Chapter 4. The governing equations given here need to be supplemented by other 
relationships in order to represent speci fic aspects of the problems considered in thi s 
work. A constitutive equation representing a change in the rheology of the fluid 
supplements the governing hydrodynamic equati ons. 
3.2 Hydrodynamic equations 
3.2.1 Free flow region 
3.2.1.1 Momentum Conservation Equation 
In two-dimensional Cartesian coordinate systems the transient momentum balance 
equations for the free flow region for incompressible, laminar flow where the 
gravitational body forces are negligible are expressed as follows 
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[3.1] 
where p is fluid density , u and v are the components of the velocity vector in the x 
and y direction respectively, I is time variable, p is pressure and "" etc. are the 
components of the extra stress tensor. 
In order to determine the velocity fields the stress tensors are expressed in terms of 
velocity gradients and fluid properties. For generalized Newtonian fluids the 
Newton's law of viscosity can be written as 
(all ay) " '=r;-+-
' Y ax ay [3 .2] 
where 1] is fluid viscosity and u and v are the components of the velocity vector in the 
x and y direction respectively. 
The substitution of the terms in equation [3.2] into equation [3.1] results in the 
recognised form of the Stokes equations of motion for a generalised Newtonian fluid: 
[3 .3] 
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3.2.1.2 Mass Conservation Equation 
In two-dimensional Cartesian coordinate system the mass conservation expression for 
an incompressible fluid is given as 
[3.4] 
where u and v are the components of the velocity vector in the x and y direction 
respecti vely. 
Equation [3.4] forms the basis for some numerical schemes which utilize unequal 
order interpolations for pressure and veloc ities such as bubble elements. However, in 
schemes which utili ze equal order interpolation models for the velocity and pressure 
the following modified continuity equation corresponding to slightl y compressible 
fluids should be used 
[3.5] 
where p is fluid density, c is the speed of sound in the fluid , p is pressure, t is time 
variable 
This slightly perturbed form of continuity equation used in order to satisfy the 
Ladyzhenskaya-Babuska-Brezzi (LBB) stability condition, which arise due to the 
absence of a pressure term in the incompressible continuity equation. It is quite 
evident that the term, I dp . d h .. h --, -, serves to mtro uce t e pressure van ab le In t e 
p.c dt 
incompressibility continuity equation so that its solution is described simultaneously 
as the Stokes equations (Nassehi, 2002). The term is so small but it is necessary to 
achieve stable numerical results and it must be noted that in reality all fluids are 
compressible. 
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3.2.2 Porous flow region 
3.2.2.1 Momentum Conservation Equation 
In two-dimensional Cartesian coordinate systems the transient momentum balance 
equations for the porous flow region for incompressible, laminar flow where the 
gravitational body forces are negligible are expressed as follows 
illl 'I op p-+-u+-=o 
ill K, ox 
ilv 'I (Jp p-+-v+-=o 
at K , ay 
[3.6] 
where p is fluid density, u and v are the components of the velocity vector in the x 
and Y direction respectively, I is time variable, 'I is fluid viscosity, Kx and Ky are 
permeability in the x and y direction respectively, and p is pressure. 
The Darcy equation is chosen because the flow regime is assumed to be creeping flow 
with low Reynolds number (typically Re« 1) and inertial effects are neg ligible. 
3.2.2.2 Mass Conservation Equation 
Equation [3.4] forms the mass conservation expression for the porous flow region as 
well. 
3.3 Constitutive Equation 
The solution of the constitutive equation accounts for the viscosity variations and can 
be considered independently. The viscosity of the fluid is updated through iterative 
loops in the solution algorithm using the power law model: 
77 = 770 (ytl [3.7] 
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where 17 is the fluid viscosity, 170 is the viscosity of the fluid at zero shear, y is the 
shear rate and n is the power law index. 
In the application of finite element schemes to non-Newtonian flow the shear rate is 
calculated at elemental level and used to update the fluid vi scosity. The shear rate is 
calculated as follows 
I 
Y = [ 2( ~: ) 2 + (~> ~: ) 2 + 2( ~; ) ']' [3.8] 
Depending on the nature of the fluid other viscosity models can be incorporated into 
the model. It may also be necessary to include temperature and pressure variation in 
the model depending on the operating conditions. 
3.4 Boundary Conditions 
It is not sufficient to describe a mathematical model without prescribing the boundary 
conditions. The governing equations are solved subject to additional constraints 
imposed on the boundary. Boundary conditions must be chosen carefully in order for 
the mathematical model to represent the phys icaJ problem correctly. In thi s section a 
brief account of the boundary conditions considered in this study is given, more 
detailed description is given in the implementation of the numerical schemes in 
Chapter S. 
3.4.1 Velocity Boundary Conditions 
The inlet feed stream velocity is defined. Parabolic or plug flow Dirichlet-type 
velocity boundary conditions are specified depending on the nature of the problem. 
Thus the flow entering a domain considered has a predetermined flux and can be 
expressed as follows 
{
u = u(y) 
v=O [3.9J 
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Assuming a fully developed flow at the inlet of a domain the following conditions 
apply 
lv =o av = 0 ay [3 .10] 
Velocity components on the solid walls are equal to zero (assuming non-slip solid 
walls). A non-slip condition is imposed assuming that the shear stresses at the solid 
walls are such that complete wetting of the wall by the fluid is achieved. Thus 
velocity components on the solid walls are given as 
u=v=O [3.11] 
It must however be noted that the imposition of no slip conditions is incompatible 
with the Darcy equation. Fluid velocity normal to the boundary is imposed as a 
boundary condition on a porous wall. 
Usually the exit velocity in a flow domain is unknown and hence it is impossible to 
impose Dirichlet-type velocity boundary conditions at the exit of the domain 
considered. It is however reasonable to do so for sufficiently long domains in which 
fully developed flows are assumed, thus we have 
{
V =0 
(5 = 0 x 
[3.12] 
The second condition means stress free conditions are applied at the exit and thi s is 
achieved by making the line integrals in the working equations (see Chapter 4) equal 
to zero. 
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3.4.2 Pressure Boundary Conditions 
Generally the imposition of a pressure boundary condition is inconsistent with the 
incompressibility constraint (Pittman, 1989; Nassehi, 2002). Pressure in a flow field 
cannot be specified just as velocity and its values adjust according to the prevailing 
flow field. Thus pressure exists as an implicit variable. It is customary to impose a 
pressure boundary condition as a datum at the exit of a flow field. The continuity 
equation in the primitive variable formulation becomes redundant at the node 
corresponding to the given pressure datum point. 
3.5 Closure 
The hydrodynamic model has been laid out in this chapter. The underlying physical 
concepts in the governing equations have been explained. The complete definition of 
the mathematical model given here makes good ground for the derivation of the 
working equations. 
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Numerical Solution Schemes 
The construction of the numerical solution schemes used in the present work is 
described in this chapter. The formulations of the working equations of the schemes 
used in the present work are explained. The mass and momentum balance equations in 
a flow model are intrinsically connected and the solution should be described 
simultaneously. The solution of the constitutive equation is considered independently. 
4.2 Selection of Numerical Method 
Computational methods and technologies allow modelling and simulation of various 
physical phenomena in flow fi eld problems and the most commonly employed 
methods are the Finite Element Method (FEM), the Finite Difference Method (FDM) 
and the Finite Volume Method (FVM). All of these methods have their own 
advantages and di sadvantages. The selection of a numerical method ideally depends 
on the nature of the problem at hand. The following factors are paramount in the 
choice of a numerical technique: nature of the governing equations describing the 
problem, domain geometry, nature of the boundary conditions, required accuracy and 
computational cost. The FEM was chosen to solve the non-linear hydrodynamic 
governing equations of incompressible flow because of its ability to cope with 
complex geometries. 
Gray et al (1976) demonstrated that the finite difference method yields point 
approximations to differential equations whilst the finite element method integrates 
point approximations through space to yield area-averaged approximations. Gray et al 
(1976) also showed that in the finite difference method equal accuracy is obtained at 
all nodes whereas in the finite element method the accuracy depends on the node 
under consideration. The finite element method conforms better to complex physical 
geometries and finite difference schemes are usually adopted to fit the grid spacing 
(Liggett and Liu , 1983). This makes imposition of boundary conditions including the 
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derivative type eaSIer In finite element schemes. Adaptive grids can easily be 
employed in the finite element whereby preferential mesh densities are chosen to 
model sub domains of interest thereby increasing accuracy and stability (Zienkiewicz 
and Taylor, 1994). Finite element computer programs can readily be applied to 
different geometrical domains without necessarily changing the codes. Depending on 
the complexity of the geometry under consideration data input can be a time 
consuming exercise more so for 3-D analyses which tend also to take very long 
computing times. 
4.3 The Finite Element Method 
The finite element method divides a complex system into a finite number of elements 
having simple geometric shapes and simple material properties, whose behaviour can 
be described by appropriate equations. It is vital to establish a mathematical model 
with governing equations describing the behaviour of the elements. A continuous 
region like a free flow domain can be represented by a finite number of sub-regions 
(elements), which are selected to be quadrilateral in shape for the purposes of the 
present work. The size of elements determines the convergence of the solution 
directly thus it has to be selected with care. The smaller the size the more accurate the 
final so lution is. However, a compromise has to be struck between smaller elements 
and computational time, which tends to increase with decrease in size of the elements. 
It must be noted that there is a certain number of elements beyond which the accuracy 
cannot be improved by any significant amount. The governing equations described in 
section 3.2 are applied to each element to compute variables such as velocities, 
pressure etc. The elemental equations are then assembled to give the continuous 
region properties. The elemental equations are solved only after the boundary and/or 
initial conditions have been imposed. The two basic sources of errors in a finite 
element solution are due to the approximation of the domain, and due to numerical 
computation. The accuracy and convergence of the solution depends on the 
differential equation, its integral form, and the element used. 
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4.3.1 Types of Finite Elements 
Two types of CO continuous nine-noded rectangular elements have been used in thi s 
study, namely the biquadratic Lagrange element and the Taylor-Hood element. Figure 4. I 
shows the two elements. 
-
• o 
-
Biquadratic Lagrange element Taylor-Hood element 
• u, v and p o , • u and v 
• p 
Figure 4. 1 9-noded biquadratic element and Taylor-Hood element 
Different types of elements result in different interpolation functions used to approximate 
the flow field. The 9-noded biquadratic element is based on equal order interpolations for 
pressure and velocity components and this corresponds to a total of 27 degrees of 
freedom consisting of 18 nodal velocity components and 9 nodal pressures. The Taylor-
Hood element is a non-standard element which belongs to a fami ly of bubble functions 
and is based on a lower order of interpolation for pressure calculations than the velocities 
(Burman et ai, 2002). In the Taylor-Hood element formulation employed in the present 
work the velocity and pressure unknowns are calculated based on biquadratic and bilinear 
interpolation functions, respectively. This corresponds to a total of 22 degrees of freedom 
consisting of 18 nodal velocity components (corner, mid-side and centre nodes) and 4 
nodal pressures (corner nodes). 
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4.3.2 Finite Element Analysis 
The main tasks in finite element analyses are mesh generation (pre-processing), 
calculations (processing) and graphical representation of results (post processing). Mesh 
generation is an important part of finite element modelling. This process leads to the 
generation and numbering of the nodes and elements, and the generation of nodal co-
ordinates. Nodes in elements are arranged in a Boolean connectivity matrix (Reddy, 
1993). The node numbering directly affects the bandwidths of the final (assembled) 
equations and this has a direct bearing on the storage requirement and computational cost. 
The main factors to be considered in the selection of a particular design for a problem are 
• Domain geometry 
• Type of finite elements used in the discretization 
• Required accuracy 
• Cost of computations 
The preparation, analysis and evaluation of results were done using the finite element 
Fortran program developed for this work. The finite element Fortran program takes the 
basic form presented in Figure 4.2 . 
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MAIN PROGRAM 
Reads input 
data and 
initiati ze 
variables 
• 
• Generates 
elemental 
stiffness 
equations 
• Assembles 
equations 
• Imposes 
boundary 
conditions 
• Solves the 
governing 
equations 
J 
Generation 
of results 
SUB PROGRAM 
i------- - ----------------------~ 
Generates elemental stiffness i equatjons for: 
f---- .. ;. First and second-order 
1 equations 
1 ~--- - --------------- - ----------~ , 
, 
, 
, 
, 
, 
___ _ __ J 
SUBPROGRAM 
-
-------- - ------------ ----------, , , 
: Imposes essential boundary , 
------------"1 conditions , 
~------------------ -- ---------- ~ 
------, 
, 
, 
, 
, 
, 
, 
, 
, 
: SUBPROGRAM 
, 
I i---- ------------------- -------' 
: : Solves equations using a solver 
, .' "---- : e.g. frontal solver 
~ - -----------------------------~ 
Bas ic parts in the present finite element program 
The elemental stiffness equations are generated USIng numerical integration tn the 
processor. The processor also assembles the element equations, imposes boundary 
conditions and solves the equations for the nodal values of the primary variables. The 
various variables required are calcu lated at the nodes. In this study the equations are 
solved using the frontal solver for symmetric and unsymmetric equations (Iron, 1970; 
Hood, 1976). 
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Post-processing is necessary for the interpretation of results. This is usually done through 
contour or graphical plots and in some cases dynamic results animation may be 
employed. 
4.4 Solution Strategy 
The difficulty is constructing a mathematical formulation linking the Stokes equations 
and the Darcy equation is the absence of a second order term in the Darcy equation 
(Gresho and Sani . 2000). The fact that the flow in two adjacent domains is described by 
two different and mathematically incompatible partial differential equations makes it a 
very complex task to find effective interfacial conditions. In thi s study homogeneity of 
the porous domain is assumed in all directions by spec ifying the same permeability Kx 
and Ky in the x and y direction respectively. The homogeneity assumption tends to break 
down at the interface since Darcy 's law is unambiguously valid only in the interior of the 
porous domain. In order to circumvent this the flow at the interface is described by 
Darcy's law. 
The coupled flow domain comprises elements denoting the free flow region and the 
porous flow region . The velocity and pressure fields are obtained from the solution of the 
mass and momentum balance equations. The Stokes and Darcy equations are discretized 
in the usual manner with the weighted residual Galerkin finite element method yielding 
the corresponding elemental stiffness equations . The discretized Stokes equations consist 
of the elemental stiffness equations corresponding to free flow region and porous wall. 
The elemental stiffness equations for the Stokes equations are modified by replacing the 
terms corresponding to the nodes on the porous wall surface by the discreti zed form of 
the appropriate Darcy components . The interfacial nodes are common to both flow 
regions and the Darcy equation incorporation into the Stokes equations ensures continuity 
of the flow field variables across the interface. 
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4.5 Derivation of the Working Equations 
The mathematical modelling of physical phenomenon by partial differential equations 
and a set of boundary conditions is said to be well posed or well formulated provided two 
criteria (Stephenson, 1978) are satisfied 
• The solution obtained should be unique, since our experience of nature is such 
that a given set of circumstances leads to just one outcome 
• The so lution obtained should be stable. In other words, a small change in the 
given boundary conditions should produce only a correspondingly small change 
in the given solution. This is vital, when the boundary conditions are arrived at by 
experiment, certain small observational errors in their values will always exist and 
these errors should not lead to large changes in the solution. 
4.5.1 The 0 time-stepping method 
In the application of the Galerkin finite element method used in this study for transient 
cases the partial differential equations describing the flow are first discretized using the 
Galerkin approach (Nassehi and Bikangaka, 1993) and then the application of the e 
method of temporal time-stepping is carried out. e approximates a weighted average of 
the time derivative of the dependent variable at two consecutive time steps by linear 
interpolation of the values of the variables at two time steps. Figure 4.2 illustrates the e 
approximation on a computational grid. 
i,;+1 
~ 
- r-- ------- ---------
Llt 
i,j 
.. 
Figure 4.3 The (j time-stepping method 
Idt}' 
r 
i+ 1,;+ 1 
i+JJ 
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Thus we have 
[4.1] 
In order to achieve convergence in a finite element analysis it is required that the system 
be stable and consistent. The choice of an optimal value of e from theoreti cal 
considerations is not always straightforward (Zienkiewicz and Taylor, 2000). The 
selection of e enhances the flexibility of the temporal discretizations by allowing the 
introduction of various types of smoothing in different problems. 
4.5.2 u-V -P Scheme 
In U-V-P schemes, also known loosely as mi xed formulation, velocity and pressure in the 
governing equations of incompressible flow are the prime unknowns. The method derives 
its name from its widely used two-dimensional Cartesian form in which U, V and P stand 
for velocity components and pressure, respectively. The schemes described in this study 
provide the basis for the construction of algorithms for the so lution of coupled flow 
regImes. 
It is important in the U-V -P formulation to satisfy the Ladyzhenskaya-Babuska-Brezzi 
(LBB) stability condition (Nassehi , 2002) which arises owing to the absence of a pressure 
term in the incompressible continuity equation. In the present work two strategies for 
obtaining stable results by the U-V-P scheme are used namely: 
• the U-V-P scheme based on the slightly compressible continuity equation In 
which the term, 
I ap 
p.c' at' is added to the incompress ible continuity equation 
(section 3.2.1.2). This allows the use of equal order interpolation models for 
velocity and pressure. 
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• the U-V-P scheme based on the use of the Taylor-Hood elements, which provide 
unequal orders of interpolation for velocity and pressure (section 4.3. 1). 
4.5.2.1 The U-V-P Scheme with Lagrange elements 
This scheme is based on the U-V-P method for the slightly compressible continuity 
equation in conjunction with the Taylor-Galerkin time-stepping method. The solution of 
the combined Stokes and Darcy flow is found by the weighted residuals Galerkin finite 
element method based on the CO continuous nine-noded biquadratic elements with equal 
order interpolations for velocities and pressures (Nassehi and Petera, 1997; Nassehi, 
1998). In this scheme the spati al variables are left continuous and the govern ing equati on 
is di scretized in time only (Donea, 1984). The equation is then discretized in space using 
the standard Galerkin method. The accuracy of the time-stepping method is dependent on 
the highest order of the time derivative remaining in the expansion after its truncation 
(Nassehi , 2002). 
4.5.2.1.1 The Free flow region 
The following governing equations constitute the scheme 
p au = _ ap + ~[27) au] + ~[7)(au + av)] 
at ax ax ax ay ay ax 
p av = _ ap +~[7)( av + all )]+~[27) av] 
at ay ax ax ay ay ay 
[4.2J 
[4.3J 
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The governing equations are normalized as follows 
rt' [4.4) 
Thus we have 
_I ap + au + av = 0 
c' at ax ay [4.5) 
and 
[4.6) 
The Taylor series expansion up to the second order of the field unknowns is carried out at 
a time level equal to n + e6.t > where 0 S; e S; I . The velocity x-component results in 
6.t 6.t 
[4.7) uf1+ ) -Un - = 6.U 
Similar expansions are obtained for the variables Vand P. The first order time derivatives 
of the prime unknowns are found from the governing equations and they are substituted 
into their respective Taylor series expansion terms. The second-order derivatives of the 
primitive variables are obtained by further differentiating the first order time derivatives 
in the governing equations. The third order terms introduced by thi s differentiation are 
dropped from the working equations without losing the required accuracy. The following 
equations are obtained 
39 
- -- ------------------------------------------
Chapter 4 Numerical Solution Schemes 
[4.8] 
[4.9] 
[4.10] 
Discretization in space is carried out after the substitution of the first and second order 
time derivatives of the unknowns in the respective Taylor series expansion expressions 
yielding the numerical solution scheme. The theta interpolation technique explained in 
section 4.5 .1 is then applied using the following expression 
AI = (I - 8)AI + 8 AI 
n+/hI 11 n+ 1 
[4.11] 
The final working equations of the scheme can be represented as 
[M' M .'.' 
"]1 r [K" K'.' "]1 r I r I 1 'J 'J M u U j 'J '1 Ku U j Bj Cj 21 M 22 M;~J Vj = 21 K 22 K;~J Vj + B] + C] 'J '1 " '1 M JI M " Mi~3 Pj KJI K" K;;' Pj B~ C~ '1 '1 
" 
'1 
[4.12] 
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Where 
M'.' = f l NN + ~8(/',t)2 c' oNi oN j 
'1 Q!l " 2 ox ox 
'lA 77 (2 oNi oN i oNi oN j )]d.xd +out- --+-- y 
P ch ox oy oy 
Mi21 = f [ ~8(/',t)'C 2 oNi oNi +8/',/!l..(ONi ONiJt .dy 
J n!l2 oy ox p ox oy r 
M ~2 = f{N .N . +~8(/',/)2C2 oNi ONi 
'1 " 2 00 ~ y y 
23 ff oNi Mu = -8/',t-
o
-Nidxdy 
n, Y 
ff oN M 3 ' = -B/',tN - ' d.xdy .) . :\ 
n, uX 
ff oN M ~' = - 8/',tN . -' d.xdy I) I a 
n, y 
77 ( oN ONi ON oN j J] +8/',/- 2-' -+-' - dxdy 
P oy oy ox ox 
[4.13] 
[4.14] 
[4.15] 
[4.16] 
[4.17] 
[4.18] 
[4 .1 9] 
[4 .20) 
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M .. = - - NN.- - 8tJ.t -'-+-'- dxdy 33 f{ 1 1 ( ),( aN aN j aN aN j J] 
'J Q . C ' , J 2 ax ax ay ay 
[4.21] 
[4 .22] 
12 II [ I ()' , aN aN j 77 aN aN j ] K; = - - (1-8) tJ.t'c -' -+(l -8)tJ.t--' - dxdy 
J Q. 2 ax ay p ay ax 
[4.23] 
[4.24] 
21 I{I ( )()" aNi aN j ( ) 77 ( aN; aN j)}x Ki =- - 1- 8 tJ.t c - -+ 1- 8 tJ.t - -- dy 
J Q . 2 ay ax p ax ay 
[4.25] 
K" = IrfNN -~(1-8XtJ.t)' C 2 aN; aN j 
" Jl , J 2 a a 
Q . y Y 
( ) 77 ( aN aN j aN aN j J] - 1-8 tJ.t - 2-' -+-' - dxdy 
p ay ay axax 
[4 .26] 
[4.27] 
K~ l = Jj(I-8)tJ.tN ; aaN j dxdy 
Q x , 
(4.28] 
[4.29] 
[4.30] 
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The line integrals which appear as a result of the application of the Green' s theorem to 
second order derivatives of the primitive variables to allow acceptable solutions for CO 
elements are expressed as follows 
[4 .31] 
[4.32] 
{nl)"+l _ fl rx )', ap ap r-D , -- - 6t - /1 +- /1 
J 2 ilx 'i!Y Y' 
r, 
[4.33] 
+ (I-e)l:!.tN;- 2- lIx + -+- 11 , f r; [aD (aD aV J rr, p ax ay ax Y [4.34] 
J ' }" f [l ( X)2 2 aD 1 ( X)" av ( ) -] lC j = r, N; "2 1-e ill c ax +"2 1-e ill c ay - 1-e ill? lIydl, 
+ (l-e)l:!.tN;- 2 - 11 + -+- IIx , f r; [av (aD aVJ rr, p ay y ay ax [4.35] 
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[4.36] 
4.5.2.1.2 The Porous flow region 
The Darcy equation describes the flow in porous regions. The derivation of the porous 
flow region working equations is described below. The following governing equations 
constitute the scheme 
au 77 ap p-+-u+-=O 
at K , ax 
av 77 ap p - + - v+ - =O 
at Ky ay [4.37] 
[4.38] 
On normalizing they become 
au +~u+ap =0 
al pK, ax 
av +_17_v + ap = 0 
al pK y ay 
[4.39] 
[4.40] 
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ju "u, V = v where p p=-p 
Numerical Solution Schemes 
[4.41] 
The same procedure applied to the Stokes equations, with the Taylor series expansion up 
to the first term, yields the following porous flow region working equations. 
[
M.'.' '1 
M 2' 
'1 
M 31 
'1 
K'2 
'1 
K 22 
'1 
K 32 
'1 
The equation yields the following components 
M ,;' = fJN ,N jdxdy + fJ8ill p; N,N jdxdy 
Q, Q, x 
M 1] = -fJ8ilt aN, N .dxdy 
• a 1 Q, X 
M 2' =0 
'1 
M 23 = - ff8M aN, Ndxdy 
• a 1 Q, Y 
[4.42] 
[4.43] 
4.44] 
[4.45] 
[4.46] 
[4.47] 
[4.48] 
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aN 
M 31 = fret:..tc' N . _J dxdy 
ij J' r aX 
n, 
aN 
M J2 = ffet:..tc ' N - ) dxdy ;j , ay 
n, 
M ~' = ff N;N jdxdy 
n, 
K '2 =0 
'1 
K~J = ff (l-e)t.1 a~; N jdxdy 
n, 
K 2 ' =0 
'1 
K;:' = fJ(t - e)t:..t a~; N jdxdy 
n, 
aN 
K 3I =-ff(l-e)t.tc ' N;-J dxdy 
'J ax 
n, 
K~3 = ffN ;NjdxdY 
Q, 
{ '}'''ll>' --fDAIN .?n dr B . - vu I .x e J 
r, 
Numerical Solution Schemes 
[4.49] 
[4.50] 
[4.51] 
(4.52] 
(4 .53] 
[4.54] 
(4.55) 
(4.56] 
(4.57] 
(4.58] 
(459] 
[4.60] 
(4 .61] 
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[4.62] 
{B ~ t"" = 0 [4.63] 
{c; }" =- f(I-B)LltN,Pn xdl, 
r, 
[4.64] 
{en" =- f(I-B)t.tN'pn ,.dr, 
r, 
[4.65] 
[4 .66] 
The described scheme can also be incorporated into iterative algorithms and used to solve 
steady-state flow problems (Zienkiewicz and Wu, 1991). The solution of the constitutive 
equation is obtained in a separate step from the flow equations. 
4.5.2.2 The U-V-P Scheme with Taylor Hood elements 
This scheme is based on the Taylor-Hood element, which is a form of a bubble function. 
Different orders of interpolation for velocities and pressure are used. [n the present 
derivation a mixed formulation consisting of 9-noded biquadratic interpolations functions 
for velocity and the corresponding bilinear interpolation for pressure is adopted (section 
4.3.1). A steady-state Galerkin method is presented below. 
4.5.2.2.1 The Free flow region 
The scheme comprises the following governing equations for the free flow region 
ap a [ aUJ a [(all avJ] --+- 2ry- +- ry - +- =0 ax ax ax ay ay ax 
_ ap +~[ry(av + au)] +~[2ry av] = 0 
ay ax ax ay ay ay [4.67] 
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The unknown variables u, v and p are approximated as : 
, 
u ==u = 'I NjUj ; 
i,, 1 
v::::v= 't NjV j ; 
j== 1 
m 
p~ p~ LM,p, 
1=1 
[4.68] 
[469] 
where Nj and M, are the velocity and pressure shape functions respectively (m < n). 
Equations [4.67] and [4.68] yield the following Galerkin weighted residual statements 
over an element domain Qe 
[4.70] 
The weight function used in the continuity equati on is chosen as - M, to maintain the 
symmetry of the discretized equations. The second order velocity terms are integrated by 
parts by applying Green' s theorem in order to e nsure the inter-element compatibility . The 
Green's theorem is al so applied to the pressure terms to maintain the consistency of the 
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formulation. The fo llowing algebraic equations represent the worki ng equations of the 
scheme 
[
A'" A',' IJ I) 
A" An 
IJ I) 
AJI A32 
I) IJ 
A13l1U,) iB') ~l: v~ = B~ 
" p, B, 
[4,71 J 
11 J( ONi oN j ONi oN j r A = 21]----+1]---- dy 
'I n, ox ox ay oy [4.72J 
12- J( ONi ON jr A - 1]---- dy 
'I n, ay ox [4.73J 
13 J( ONi} A/i =- M,- xdy 
n, ax 
[4.74J 
' I J( aN ON j ) Ai~ = 1] - ' - dxdy 
, Q , oX ay [4.75J 
22 J( oNi oN j ONi ON j ) A = 1]--+21]-- dxdy 
'I Q , ax ox oy ay [4.76] 
2J J( aNi) A/i = - M , -a-- dxdy 
n, y 
[4.77J 
JI J( aN j ) A/i = - M, -- dxdy 
n, ox 
[4.78J 
32 J( aN j ) A/i = - M , --- dxdy 
n, ay 
[4.79J 
A?,l = 0 [4 .80J 
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I f [( - dii) (dil dV) } Bj = Ni -p+21]-lIx +1]-+-lIy r, 
r, dX dy dX 
Bl = JNiH~~ +~~}'+(-P+21]~~}y }r, 
B' = 0 } 
4.5.2.2.2 The Porous flow region 
Numerical Solutioll Schemes 
[4.81] 
[4.82] 
[4.83] 
The scheme is based on the following governing equations for the porous flow region 
[4.84] 
[4.85] 
The approximations of the primitive unknowns are according to equation [4.69]. On 
applying the Galerkin method the governing equations yield the following Galerkin 
weighted residual statements 
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[4.86] 
The following algebraic equations describe the characteristics of each element of the 
system 
where 
[
A'.' 
.) 
A2I 
.) 
A3I 
'I 
A~' = If; N;N j dxdy 
Q , x 
A'2 =0 
.) 
A 2I = 0 
.) 
AJ' = If; N,N j dxdy 
Q , Y 
[4.87] 
[4.88] 
[4.89] 
[4.90] 
[4.91] 
[4.92] 
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[4 .93] 
J] J( ON j ) AJi = M , -- dxdy 
Q , ox 
[4.94] 
[4 .95] 
[4.96] 
B; = - J N, PI1, lif', [4.97] 
r, 
B~ = - J Ni PI1 ,. lif', [4.98] 
r, 
B' = 0 
J 
[4 .99] 
The solution of the constitutive equation is considered as a separate step. 
4.6 Closure 
The working equations have been derived in detail in this chapter. Two U-V-P schemes, 
one based on a slightly compressible continuity equation and the other one based a 
Taylor-Hood element have been described. The schemes have been cast in the form that 
makes them ready for computer implementation. 
52 
Chapter 5 Computational Results and Discussion 
Chapter 5 
Computational Results and Discussion 
The results in this thesis were obtained using a Pentium IV processor on a personal 
desktop computer. The pre-processing and part of the post-processing was done using 
Geostar'" software supplied by the Structural Research & Analysis Corp and Surfer'" 
software supplied by Golden Software, Inc. was also used for post-processing. 
Geostar'" is an interactive 20/30 geometric modeller providing pre- and post-
processors analyses A FORTRAN computer program, StokesOarcyUVP.f, was 
developed to cany out the computations and simulations (see program listing in 
Appendix Ill). A batch-oriented approach was employed in which the code and the 
grid generators were not cOllllected through an interface. Prnt of tbe input data was 
preprn'ed using the FEUT (Finite Element Utility Progrrnn) developed in-house and 
the FOItran program was run in a UNIX environment on a SUll E3500 processor (SWl-
cc2 11). Most results repolted in tlli s work have been published, accepted or sublrutted 
for publication in scientific journals (Ruziwa et ai, 2()()3a) and conference 
proceedings (Ruziwa et ai, 2003b) (also see Appendix IT for publications related to 
tltis work). 
5.1 Mesh Refinement and Convergence 
Mesh refmement provides a practical tool for testing convergence in solution through 
the comparison of the results 0 btained on successi vel y refmed meshes. The '11-
version ' type of mesb refinement in which the basic geometrical entities do not 
chaJJge in the mesh except for the number of elements, which vary for each mesh 
refmement, was chosen for this study. 1.11 order to achieve optimal convergence care 
was taken in generating meshes to ensure that the aspect ratio of the elements are 
small and the internal angles were not too close to 00 or 1800 (Nasselli, 2002). Mesh 
refinement should be based on a systematic approach witich takes into accoWlt 
features ofthe physical phenomenon being analysed. Generally errors decrease as the 
size of the subdivision 'h' gets smaller or as, 'P', tbe order of the polynomial in the 
trial function used is increased. The results presented in tlus section rn'e for convergent 
solutions. 
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5.2 Computational Efficiency and Errors 
The overall accuracy of the finite element computation depends on the accw·acy of the 
method employed to obtain the numerical so lution of the global system. In the Taylor-
Galerkill scheme the error in the approximation is due to neglecting the tnillcated 
terms in the Taylor series expansion. The Darcy equation formulation is of first order 
(O(L~t)) accuracy with respect to time whilst the Stokes equations formulation are of 
second order (O(L~ti) accuracy. The enor reduces more quickly in the second order 
differencing scheme than in the first order accuracy scheme after mesh refinement 
because of the quadratic dependence of the en·or on the grid (Versteeg et al, 1995). 
Double precision aritlunetic was used in this study to increase the range of accuracy 
of the computer thereby minimising round-off en-ors, which are inherent in all 
computer systems. Round-off enors increase as the number of calculations in the 
solution procedure is increased. It is therefore expected in some instances of 
successive mesh refinements to lose a celtrun degree of accuracy. According to other 
researchers (Donea, 1984) the presence of a consistent matrix in the Taylor-Galerbn 
fonnulation leads to an inefficient computation. It is shown in tltis study that a 
consistent matrix yields accurate and stable results and it must also be nOled tlmt a 
lumped matrix can·ies with it all approximation in its formulation. Discretization 
elTors are eliminated or reduced by use of isoparannetric mapping which provides 
flexibility in coping with irregular and curved domain geometry (Nassehi, 2002). 
5.3 Presentation of Results 
Tills section describes the layout of the results obtained from numerical simulations 
carried out in this study. The relationsrup between tile free and the porous flows can 
be IlIOre clearly demonstrated by velocity and pressure profiles. 
5.3.1 Velocity Calculations Results 
The resultant velocity vectors are plotted in colour using tile Sulier@ software. 
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Figure 5. 1 A sample velocity vector scale 
+y 
+ x 
. y 
Fil!ure 5.2 Velocity vector representation 
5.3.2 Pressure Calculations Results 
Figure 5.3 A sample pressure contour scale 
Computational Results and Discussion 
The software plots the vectors by 
magnitude on a colour scale. A sample 
scale is shown in Figure 5.1 to the left. 
The scale shows the increase of 
velocities fi'om blue to red region 
which means that low velocities are in 
the blue category whilst high ones are 
in the red region of the scale. Some 
velocity results are presented Ul 
contour form using Geostar®. All the 
velocities are in the units of metres per 
second (ms" ) unless otherwise stated. 
The directions for the vectors can be 
assessed in accord with tbe orientation 
of axes represented in the Figw'e 5.2 . 
The coloured pressure contours were 
generated using Geostar® whilst the 
black and white pressure contow's and 
some co loured 3D surface maps were 
obtained using Surfer®. Figure 5.3 
shows a sample co lour pressw'e 
contour. Similar to velocity the lowest 
pressure value is in the blue region 
whilst the higbest value is in the deep 
red region. The Surfer® show contour 
lines with their pressure values. Some 
results are presented in both Geostar® 
and Surfer® plots for better clarity. All 
the pressure units are in Pascal (Pa) 
unless stated otherwise. 
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5.4 Validation and Application of the Developed Schemes 
In order to validate the predictive character of the developed schemes they were used 
to model simple physical problems with a view to assessing their accuracy and 
stability. The schemes were validated through checking mass balances tor theoretical 
consistency and comparison with experimental data. The foUowiug section contains 
the results obtained from tbe validation and application of the developed schemes. 
The results are reponed in a stage-wise fashion in which a higher degree of 
complexity is introduced at each stage. 
5.4.1 The U-V-P Scheme with Lagrange elements 
The results in this section are obtained USlllg the U-V -P Scheme based on the 
Lagrange elements. 
5.4.1.1 Hydrodynamics in a free flow rectangular domain 
A second-order Taylor-Galerkin Stokes flow scheme was employed to analyse tluid 
flow in a rectangular duct using a computational grid with 2400 elements and 9801 
nodes. Figure 5.4 shows the linite element mesh together with the tX)\UJdary 
conditions imposed in the analyses. 
Boundary Conditions u=v:=O 
A 
,, ~O. J 
v~o 
y 
Figure 5.4 Finite element mesh for rectangular duct showing boundary conditions 
D 
p ~o 
V~O 
c 
Plug flow Dirichlet-type of inlet velocities boundary conditions are imposed on r AB. 
u and v are given as O.lius-l and Oms-I at the inlet respectively. Non-slip condition is 
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assumed at the so lid walls, r AD and r BC, therefore making the velocity components 
on the walls Oms-I. A pressure datum is given as OPa at the exit. The dimensions of 
the duct are 0.015m by 0.OO5m 
Physical and Numerical Data 
A Newtonian fluid of density 970 kgm-3 with a consistency coefficient of 80 kgm-Is-I 
was used to study the hydrodynamics in the rectangular duct described above. A time 
step of 0.1 s and the value of e, 0.75, were chosen. The chosen consistency coefficient 
corresponds to 'highly viscous tluids' and it is used to check the theoretical 
consistency of the model and also its ability to cope with extreme physical conditions. 
More reali stic consistency coeffic ients based on the experimental data provided by the 
project paJt ners aJ'e also used (see Section 5.5 aJld 5.6). 
Results and Discussion 
The results presented here aJ'e for the second time-step. Velocity calculation results 
aJ'e presented fIrst fo lJowed by the pressure calculation results. Figure 5.5 shows a 
typical plug flow profIle which becomes a fully developed parabolic flow at the exit 
and it matches the protiles in Bird et al (1960). An overall mass balance check was 
can'ied out aJld it gave % elTor of 0.003 which shows that the law of conservation of 
mass is upheld. 
~------------------ -~~ ~ ~ -:-::: 
:.-:;: 
~--P'~______ I _______ ----f> _ 
~~---------------- -- -+ - ..... '+ ........................ ....... - ..... -+ - ....... 
Figure 5.5 Velocity vectors for the rectangula.r duct 
The pressure plots in Figures 5.6 and 5.7 correspond to the velocity profile in Figure 
5.5. The pressw'e profiles in both figures show a decrease of pressure values ill the 
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direction of flow as expected. The pressure drop shown ill Figures 5.6 and 5.7 IS 
1.7 I X 10-3 Pa. 
Figure 5.6 Geostar® Pressure contour plot for the rectangular duct 
I I I 
OD 8 In ~ § -.; 
<> 0 
, , , , 
Figure 5.7 Surfer® Pressure contouI plot for the rectangular duct 
The imposition of stress free or fully developed flow boundary conditions in this case 
is quite reasonable since the domain is suftlciently long. However a better 
approximation may be needed in more complex pro blems. These results showed that 
the simulation module developed for free flow analysis is accurate aJJd stable. 
However, the rectangular domain in Figure 5.4 represent a simple geometry therefore 
a simple numerical problem to solve. It is important to validate the developed scheme 
for free flow aJJalysis in a more complex physical domain. It is vital that the 
developed scheme should be able to cope with various geometries. 
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5.4.1.2 Hydrodynamics in a free flow split duct 
The U-V-P scheme based on LagTange elements was employed to analyse fluid flow 
in a rectangular duct in the previous section was used to analyse fluid flow in a split 
duct. The domain considered has a computational grid with 2921 elements and 700 
nodes. Figure 5.8 shows the finite element mesh together with the boundary 
conditions imposed in the analyses. This geo metry presents a tougher numerical 
problem compared to the rectangular duct. 
Boundary Conditions 
11=0.1 
v=o 
y 
A 
ii 
Figure 
x 
5.8 
u=v=o F 
E 
p 0 11 v=o 
Finite element mesh for the split duct showing boundary conditions 
Plug flow DirichJet-type of inlet velocities boundary conditions are imposed on r AB. 
Lt and v are given as O.lms-' and Oms-' at the inlet respectively. Non-slip condition is 
assumed at the solid walls, r AF, r ED and r BC, therefore making the velocity 
components on the walls Oms" . A pressure datum is g iven as OPa at the exits, r FE and 
r DC. r FE is positjoned midway along the lellgth of the domain and the size of its 
opening is a quarter in lellgth of the inlet. 
Physical and Numerical Data 
The same physical and numerical data used in the previous section (section 5.4.1.1) 
were used here. 
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Results and Discussion 
Velocity calculation results for the second time-step are presented first fo llowed by 
the con esponding pressure calculation results. Figure 5.9 shows a typical plug flow 
proftle, which becomes a fully developed parabolic flow at both exits. Mass 
conservation is ensured with a 0.01 % discrepancy on the overall mass balance. It is 
impoltant to note that the flow regime has been split into two and all the flow streams 
are physical! y accounted for. 
Figure 5.9 x component of velocity contour plot for a split duct 
The pressure plot in Figures 5. 10 c01Tesponds to the velocity profile in Figure 5.9. 
The pressure profLle shows a decrease of pressure values in the direction of flow as 
expected. The pressure drop shown in Figure 5. I 0 is I.28x ro-6Pa. 
Figure 5.10 Pressure contour plot for a split duct 
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These results for the split duct further shows that the scheme for the free flow IS 
accw'ate and stable. 
5.4.1.3 Hydrodynamics in a porous flow rectangular domain 
The Euler Darcy flow scheme was employed to analyse fluid flow tlu-o ugh a 
rectangular porous medium using a computational grid with 2400 elements and 9801 
nodes. Figure 5.11 shows the finite element mesh together with the boundary 
conditions imposed in tile analyses. 
Boundary Conditions 
A 
v=o D 
11=0. J P =0 
y 
c 
B v=o 
.X 
Figure 5.11 Finite element mesh for the rectangular porous medium showing boundary 
conditions 
Plug flow Dirichlet-type of inlet velocities boundary conditions are imposed on r AB. 
u is given as O. lms-I at the inlet. Normal velocity (v) boundary conditions are 
specified on the walls, r AD and r BC , as Oms-I_ A pressure datum is given as OPa at 
tile exit. The dimensions of the duct are 0.015m by 0.OO5m 
Physical and Numerical Data 
A Newtouian fluid of density 970 kgm-3 with a consistency coefficient of 80 kgm-1s-1 
was used to study tile hydrodynamics in the porous domain described above. The 
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penneability in both directions is 1O-8m2 The time stepping parameter, 0, and the time 
step were chosen as 0.75 and O. l s respectively. 
Results and Discussion 
The results presented here are for the third time step. Figure 5.12 shows a typical 
velocity profile in a porous medium (Bear, 1972). 
Figure 5.12 x component of velocity contour plot for a rectangular porous medium 
The pressure plot in Figure 5.13 is for the third time step colTesponding to the velocity 
profile in Figure 5.12. The pressw'e profile shows a decrease of pressure values in the 
direction of flow as expected. 
Figure 5.13 Pressure contour plot for a rectangular porous medium 
The % error in comparing the inflow and outflow is -0.00695, which is very small 
and shows that the solution converged at the third time step. These results showed that 
the simulation module de veloped for poro us flow analysis is accurate and stable. 
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5.4.1.4 Hydrodynamics in combined free and porous flow domain with single 
interface 
The second-order Taylor-Galerkin Stokes scheme and the Euler Darcy flow scheme 
were employed to analyse fluid flow in a rectangular domain using a computational 
grid with 2400 elements and 9801 nodes. Figure 5.14 shows the finite element mesh 
together with the boundary conditions imposed in the analyses. 
Boun.dary Conditions 
A 
11=0. J 
y 
B 
Figure 5.14 
U::::\I=O v=o 
D 
u=v=o c v=o 
x 
Finite element mesh for dead-end filtration analysis with single interface 
showing boundary conditions 
F 
p=o 
E 
Plug flow Dirichlet-type of inlet velocities boundary conditions are imposed on [' AB. 
U is given as O.ln1S'1 at the inlet. Non-slip condition is assumed at the so lid walls, r AD 
and r BC, theref01'e making the velocity components on the walls Oms' l. Normal 
velocity (v) boundary conditions are specified on the wall s, [' DF and r CE, as Olns,l. A 
pressure datum is given as OPa at the exit. The dimensions of the duct are 0.015m by 
O.OO5m The porous section makes up the second half of the domain bound by [' CDI'E . 
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Physical and Numerical Data 
A Newtonian fluid of density 970 kgm-3 with a consistency coetlicient of 80 kgm-I S- I 
was used to study tbe hydrodynamics in the rectangular duct with a porous section_ 
Table 5.1 shows some of the physical and numerical data used in the analyses. 
Table 5.1 Dead-end analyses numerical and physical data for combined free and porous 
flow domain with single straight interface 
Permeability, m' At, s Speed of sound, ms-' 
10~ 0.001 50 
lO-u 0.00001 5000 
10-· 0.0000001 500000 
lO-I U 0.00000000 I 50000000 
10-'· o. OOOOOOOOOO 1 50000000000 
10-" 0.0000000000001 500000000000 
Results and Discussion 
The results presented here are for the third time-step. Figures 5.15 - 5.20 show the 
ve locity profiles corresponding to different permeability values. In each case a typical 
plug flow profile becomes fully developed parabolic flow as it approaches the 
interface r DC (see Figure 5.14) and then it becomes plug flow again in the porous 
medium CDFE (see Figure 5.14). The fact that the flow in the two adjacent domains is 
described by two different and mathematically incompatible partial differential 
equations makes it a very complex task to find effective boundary conditions at the 
interface. Homogeneity of the porous domain is assumed in all directions by 
specifying the same permeability Kx and Ky in the x and y direction respectively. The 
homogeneity assumptions tend to break down at the interface since Darcy 's law is 
unambiguously valid only in the interior of the porous domain. In order to circumvent 
this the flow at the interface is described using Darcy' s law. 
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Figure 5.15 
Figure 5.16 
Computational Results and Discussion 
Velocity vectors for dead-end filtration analysis with single interface for 
permeahility 10" m2 
, I 
Velocity vectors for dead-end filtration analysis with single interface for 
permeability 10·6m2 
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Figure 5.17 
L 
~ ~ 
~ ~ ~ 
~ ~ ~ 
I 
I 
..... ..... ..... ..... ..... .... 
I I I , 
Velocity vectors for dead-end filtration analysis with single interface for 
permeability 10" rn2 
L 
~ ~ ~ ~ ~ ~ .-~ ~ ~ ~ ~ ~ ~ ~ 
~ ~ ~ ~ ~ ~ • • 
I I 
Figure 5.18 Velocity vectors for dead-end filtration analysis with single interface for 
permeability 10.10 nl 
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Figure 5.19 Velocity vectors for dead-end tiltration analysis with single interface for 
permeability 10.12 nJ' 
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Figure 5.20 Velocity vectors for dead-end filtration analys is with single interface for 
permeability 10.14 rn' 
The pressw-e plots in Figw-es 5.21 - 5.26 are for the tlrird time step corresponding to 
the velocity proftles in Figw'es 5.15 - 5.20. The total pressw-e drop in each case 
considered above comprises the pressw-e drops across the free and porous flow 
regions. 
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Figure 5.21 Pressure contour plot for dead-end filtration analysis with single interface for 
permeability 10-4 rn2 
Figure 5.22 Pressure contour plot for dead-end filtration analysis with single interface for 
permeability 10-6 rn2 
Figure 5.23 Pressure contour plot for dead-end tiltmtion analysis with single interface for 
permeability 10.8 rn2 
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Figure 5.24 Pressure contour plot 
permeability 10·'O m2 
dead-end J 1ll1al'Ull a'M I y> l> 
Figure 5.25 Pressure contour plot for dead-end filtration analysis with single interface for 
permeability 10·'2 m2 
Figure 5.26 Pressure contour plot for dead-end 
permeability 10.,4 rn2 
The pressw·e values in the tree flow region ABeD (see Figure 5.14) are almost 
constant as shown in Figures 5.21 - 5 .26. The implication of thjs is that the modeUillg 
of the filter can be limited to the porous medium thereby saving on computational 
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time and effort. The velocity fields in Figures 5.19 and 5.20 are the same and they are 
detel111ined by the geometrical nature of the domain, physical conditions and the 
boundary conditions. Any change in permeability resulted in a change of the same 
magnitude in pressure. For instance when permeability is 10-12 m2 and the pressure 
across the domain is 9.27x 109 Pa and the permeability is lowered to 10-14 ni the 
pressure increases by the same order of magnitude to 9.27x lO 11 Pa_ This seems to 
suggest that this is unique to very low permeability. The predicted pressure in an 
incompressible flow fluid do not have distinct physical significance_ They can only be 
related to realistic values after calibration again st at least one set of experin1ental 
values. Therefore their uncalibrated values shown in dus thesis should not be regarded 
as having realistic physical significance (Crotchet et ai, 1984). The selection of the 
appropliate time stepping and numerical scheme parameters ensures continuity o f d1e 
tlow variables across the interface. The en·ors in overall mass balances in these 
simulations are less than 0.02 %. These results showed that the simulation module 
developed for combined free flow and porous flow analyses is accurate and stable. 
5.4_1.5 Hydrodynamics in concentric free and porous now domains with single 
interface 
First case: Complete concentric domain 
The second-order Tay lor-Galerkin Stokes scheme and the Euler Darcy flow scheme 
were employed to analyse tluid flow through a concentric fi-ee and powus flow 
domain with 400 elements and 1680 nodes. Figure 5.27 shows the finite element mesh 
together with the boundary conditions imposed in the analyses. 
Boun.dary Conditions 
V,,=O.92 
V,,=O. 92 
~ / 
Figure 5.27 Finite element mesh for concentric free and porous flo w 
domain showing boundary conditions 70 
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Radial Dirichlet-type of inlet velocity boundary condition is imposed. v" is g iven as 
O.92ms-1 at the inlet. A pressure datum is given as 0 Pa at the exit The thickness of the 
fi'ee and porous flow regions being 0.008 m each and the radius of the whole domain 
is 0.024 In 
Physical and Numerical Data 
Fluids with a density of 970 kgm-3 and a consistency coefficient of 80 kg m-1s-1 and 
power law indices 0.85, 1.0 and 1.15 were used to study the hydrodynamics in the 
concentric free and porous flow domain described above. The permeability in both 
longitudinal and transverse directions is 1O-12m2 The value of () used for the flow 
model is 0.75 and the time step is O.l s. 
Resu.lts and Discussion 
The resu lts presented here are for the fifth time-step for the three different types of 
fluids. 
Shear thinning fluid 
Figure 5.28 shows the velocity profile for a shear thinning fluid with power law index, 
0.85. The velocity vectors show an increase in flow rate as the fluid approaches the 
core of the domain, which indicates that mass is being conserved. 
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Figure 5.28 Velocity vectors for the concentric tree and porous flow domain for a shear 
thinning fluid 
The pressure plot in Figure 5.29 cOITesponds to the velocity profile in Figw'e 5.28. 
The pressure profile shows a decrease o f pressure values in the direction of tlow as 
expected. Figure 5.30 is a 3D surface pressure map showing the visual nature of the 
pressure drop. The pressure drop at the inlet and the interface is 8. l5x 101o Pa and 
5.68x lOloPa respectively. 
Figure 5.29 Pressure contour plot for the concentric free and porous flow domaill for a 
shear thinning fluid 
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Figure 5.30 
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Pressure surface plot for the concentric free and porous flow domain for a 
shear thinning fluid 
Newtonian fluid 
Figure 5.3 1 shows the velocity proftle for a Newtonian fluid. The flow rate illcreases 
as the cross-sectional area decreases which is consistent with the law of mass 
conservation 
Figure 5.31 Velocity vectors for the concentric free and porous flow domain for a 
Newtoruan tluid 
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The pressure plot in Figure 5.32 conesponds to the velocity profile in Figure 5.31. 
The pressure profile shows a decrease of pressure values in the direction of flow as 
expected. Figure 5.33 is a 3D surface pressure map showing the visual nature of the 
pressure drop. In Figure 5.32 the pressure at the inlet and at the intelface is 1.68xlO" 
Pa and 1.17x lO"Parespectively. 
Figure 5.32 
Fignre 5.33 
Pressure contour plot for tbe concentric free and porous flow domain for a 
Newtonian flnid 
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Pressure surface plot for the concentric free and porous flow domain for a 
Newtonian fluid 
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Shear thickelling fluid 
Figure 5.34 shows the velocity profile for the shear thickening fluid with power law 
index, l.15. 
Figure 5.34 Velocity vectors for the concentric free and porous flow domain for a shear 
th.ickening fluid 
The pressure plot in Figure 5.35 cOITesponds to the velocity profile in Figure 5.34. 
The pressm e pro fil e shows a decrease o f pressw-e values in the direction of now as 
expected. Figure 5.36 is a 3D surface pressure map showing the vi sua l nature of the 
pressure drop. The pressure drop at the inlet and the interface in Figure 5.35 is 
3.57x IO" Pa and 2.75x lO" Pa respective ly. 
Figure 5.35 Pressure contour plot for the concentric free and porous flo w 
domain for a shear thickening fluid 
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Computational Results and Discussion. 
""""""'" ,-
~
" .. ,,""'" ,-
, .......", 
''''''"''"'' 
'''''''''''''' 
'''''''''"'''' 
'''''''''"'''' 
'''''''''"'' ,-
'''''''''''''' 
.....,." 
"""""'" 
.""""""" 
''''''''''''''' 
• 
Pressure surface plot for the concentric free and porous flow domain for a 
shear thickening fluid 
The percentage pressure drops across the free flow regions for the power law indices 
0.85, 1.0 and 1.15 are 30.3%, 30.4% and 22.8% respectively. This means that the 
largest pressme drops occur across the porous regions. For power law indices 0.85, 
1.0 and 1.15 the percentage pressme drops in porous regions are 69.7%, 69.6% and 
77.2% respectively. A large pressure drop is expected in the porous medium and this 
has been confirmed by the results. The overall material balances based on the 
comparison of total inlet and outlet flows gave discrepancies of less than 0.18%. 
The graphical representations of 3D pressure fields and tbeir interpretation are not 
tJivial matters, espeCially in complicated systems such as the combined flows 
modelled ill the present work. However, 3 D sUltace plots of the predicted pressure 
fields provide useful demonstrations of the differential pressure in combined flow 
systems. 
Secon.d case: Quarter concentric domain 
A quarter of the domain used in the first case is studied. Figme 5.37 shows the 
computational mesh witb a total number of elements being 1800 witb the ratio of 
elements in Stokes region to that in the Darcy region being 8: 1 was used in 
sirnulatiolls together with the boundary conditions. The computational mesh is more 
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refined in the ti·ee-flow region in order to stabilise the results. This suggests that when 
the mass transpOlt model is developed meshes used in the modelling would need to be 
more refined in the free tlow region close to the porous wall to account for paJticle 
deposition accurately. This would need clarification with numerical experiments. 
Boundary Conditions 
11=0 
Figure 5.37 
v,, =O.1 
x 
v =O 
Finite element mesh for quarter concentric free and porous Ilow doma in 
showing boundary conditions 
Radial DiricWet-type of normal velocities boundary conditions are imposed on the 
inlet. v" is given as 0.1 ms-' at the inlet. A pressure datum is given as 0 Pa at the exit. 
Line of symmetry boundary conditions were chosen in this particulru· case to represent 
fluid flow along the edges o f the domain parallel to the y and x axes. The velocities 
are specified as 0 ms-' on the edges paJ·al1el to dle y and x axes. The thickness of the 
free aJJd porous flow regions is 0.008 m each aJld dle radius of the whole domain is 
0.024 m 
Physical and Numerical Data 
The SaJlle material and numerical data used for the first case aJ·e applied here. 
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Results and Discussion 
The pressure plots in Figures 5.38, 5.39 and 5.40 show the expected decrease of 
pressure in the direction of the fluid now. The total pressure drop in each case is 
made up of the pressure drops in the free and porous flow regions. 
Figure 5.38 shows the pressw·e contour plot for a shear thinning fluid with power law 
index 0.85. In Figure 5.38 the pressure at the inlet and the interface is 6.15xlOB Pa 
and 5.18xlOB Pa respectively. 
Figure 5.38 Pressure contour plot for fluid of power law index 0.85 
Figure 5.39 shows the pressw·e contour plot for a NewtoniaIl fluid . The pressure at the 
i.nlet and the interface in Figure 5.39 is 6.18x lOB Pa and 4.72x l OB Pa respectively. 
Figure 5.39 Pressure contour plot for fluid of power law index 1.0 
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Figure 5.40 shows the pressure contour plot for a shear thickening fluid with power 
law index 1.15. In Figure 5.40 the pressure at the inlet and the interface is 6.95x 108 
Pa and 5.88x 108 Pa respectively. 
Figure 5.40 Pressure contour plot for fluid of power law index 1.1 5 
It can be deduced from the three cases considered here, that the fluid flow 
phenomenon is similar in every case in nature and order of magnitude of deve loped 
pressures. The maximum pressure drop is observed in Oarcy region which is due to 
the resistance to flow by the porous matrix. The amount of pressure drop developed in 
the individual regions depends mainly on the rheo logy of fluid . The percentages of the 
pressure drops associated with free flow and porous flow regions have been listed in 
Table 5.2. 
Table 5.2 Pressure drop variations with power law index 
Fluid type 
Stokes Region Darcy Region 
Power law index 
%~P %~P 
Shear Thinning 0.85 18.3 % 81.7 % 
Newtonian 1.00 23.7 % 76.3 % 
Shear Thickening 1.15 15.4 % 84.6 % 
The free flowing fluid penetrates into the porous section owing to the pressure drop 
across the overall domain. TIlls prevents t1uid from the porous section to cross over to 
the fi·ee flow section. The model results showed discrepancies between the inlet and 
outlet flows of less than 0.16%. 
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5.4.1.6 Hydrodynamics in combined free and porous flow domain with two 
interfaces 
First case: Small porous sectioll with two straight i1lterfaces 
The second order Taylor-Galerkin Stokes scheme and the Euler Darcy flow scheme 
were employed to analyse fluid flow in a rectangular do main using a computational 
grid with 2000 elements and 8 181 nodes. Figure S.41 shows the fmite element mesh 
together with the boundary conditions imposed in the analyses. 
BOllndat)' Conditions 
A 
u=0.005 
y 
E 
Figure 5.41 
u=v=o B v=O c 
u=v=O F \/=0 G 
r 
Finite element mesh for dead-end filtration analysis with two straight 
interfaces and a small porous section showing boundary conditions 
o 
p=O 
H 
P lug f10w Dirichlet-type of inlet velocities boundary conditions are imposed on r AE. 
u is given as O.ooSms-1 at the inlet. Non-slip condition is assumed at the so lid walls, r 
AB, r CD, r EF and r GH, therefore making the velocity components on the walls Oms-l 
Nonnal velocity (v) bowJdary conditions are specified on the walls, r DC and r FG, as 
01llS-1. A pressure datum is given as OPa at the exit. The dimensions of the boundaries 
r AE, r EF, r FG and r GH are O.ooSm, 0.003m, 0.003Sm and 0.011 6Sm respectively. 
Tbe propoltions of the dimensions in the direction of flow are consistent with the ones 
of a prototype filter cartlidge. 
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Physical and Numerical Data 
A Newtonian fluid of density 970 kgm"3 with a consistency coefficient of 80 kgm"ls"1 
was used to study the hydrodynamics ill tbe rectangular duct with a porous section 
partitioniJJg two free flow regions. Table 5.3 sbows some of the pbysical and 
numerical data used in the analyses. 
Table 5.3 Dead-end analyses numerical and physical data for combined free and porous 
flow domain witb two straight interfaces 
Permeability, rn' At,s Speed of sound, ms"' 
10"0 0.00001 5000 
10"' "' 0.0000000000 I 50000000000 
Results and Discussion 
The results presented here are for the third time-step. Figures 5.42 and 5.43 show the 
ve locity profiles cOlTesponding to two different permeability values. In each case a 
typical plug flow profile becomes fully deve loped parabo lic flow as it approaches the 
interface r BP (see Figure 5.41) and thell it becomes plug flow again m the porous 
medium BCGF (see Figure 5.41 ) befo re becoming fully deve loped parabolic flow 
agam ill the free flo w region CDHG. 
~~-~~--~------~--~  .. ~+ . --+ ~ -to ___ ~ ~ -to- ----+ ---+ ---+ -
-......:~- .--.------:~.:---
--.,; Ii -tit .., 
--...,;- ... 
:: : Ii ... .. ~ ~~----. 
~~~~~~~~~~~~-~-~ ~~~~~~~~~~~~~-~~ ~ ~ - • ~ - - • - - - + - ~ • , 
Figure 5.42 Velocity vectors for dead-end filtration analysis with two straight interfaces 
and a small porous for permeability 10" nl 
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Figure 5.43 x component of velocity contour plot for dead-end fil tration analysis with two 
straight interfaces and a small porous for permeability 10' \' m' 
The pressure plots in Figures 5.44 and 5.45 are tor the third time step cOITespondillg 
to the velocity profiles in Figures 5.42 and 5.43 respectively. 
Figure 5.44 Pressure contour plot for dead-end filtration analysis with two straight 
interfaces and a small porous for permeability 10-6 m' 
Figure 5.45 Pressure contour plot for dead-end filtration analysis with two straight 
interfaces and a small porous for permeability 10- \2 m2 
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The pressure values across the /i'ce flow regio ns ABFE (see Figure 5.41) and porous 
flow region BCGF (see Figure 5.41 ) are of tbe same magnitude. This shows that there 
is a very large pressure drop across tbe porous flow region. which is far smaller in 
size compared to the free flow region. Mass conservation is ensured in both cases 
with a discrepancy of 0.12% on the overall mass balances. 
Second case.' Large porous sectioll with two straight interfaces 
Tbe second order Taylor-Galerkin Stokes scheme and the Euler Darcy flow scheme 
were used to analyse fluid flow in a rectangular domain using a computational grid 
with 3200 elements and 13041 nodes. Figure S.46 shows the finite element mesh 
together with the boundary conditions imposed in the analyses. 
Boundary Conditions 
A u.:::\I:::'O B v=o c 
11=0.1 
y 
)( 
Figure 5.46 Finite element mesh for dead-end filtration analysis with two straight 
interfaces and a large porous showing boundary conditions 
Plug flow Dirichlet-type of inlet velocities boundary conditions are imposed on r All . 
It is given as O. lms·' at the inlet. Non-slip condition is assumed at the so lid walls. r 
AJ), r CD. r El' and r GH, therefore making the velocity components on the walls Oms·'. 
Nonual velocity (v) boundary conditions are specified on the walls, r BC and r FG. as 
Oms·'. A pressure datum is given as OPa at the exit. The dimensions of tbe boundaries 
r All, r EI', r FG and r GH are O.OOSm. 0.007SI11, O.0037Sm and 0.0112Sm respectively. 
Unlike in tbe previous case (see Figure 5.41) the porous region was enlarged in order to 
test the stability of the scheme. 
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Physical and Numerical Data 
A Newtonian tluid of density 970 kgm-3 with a consistency coefficient of 80 kgm-Is-I 
was used to study the hydrodynamics in the rectangular duct with a porous section 
with a permeability of 1O-IOm2 in both longitudinal and transverse directions. 
Results and Discussion 
The results presented here are for the fifth time-step. Figure 5.47 shows the velocity 
proftle. A typical plug tlow protile becomes fully developed parabolic tlow as it 
approaches the interface r 131' (see Figure 5.46) and then it becomes plug tlow again in 
the porous medium BCGF (see Figure 5.46) before becoming fully developed parabolic 
flow again in the free flow region CDHG. Comparison of inlet and outflows g ives a 
discrepancy of 0.14% ill the overall mass balance. 
Figure 5.47 x component of velocity contours for dead-end tiltration 
analysis with two straight interfaces and a large porous for permeability 10-10 m2 
The pressure plot in Figure 5.48 conesponds to the velocity profile in Figw·e 5.47. 
The pressure differential at free/porous flow domain interface is not variable so there 
is no fluid circulation at the interface. 
Figure 5.48 Pressure contour plot for dead-end tiltration analysis with two straight 
interfaces and a large porous for permeability 10.10 m2 
84 
Chapter 5 Computational Results and Discllssion 
Third case: Large porOllS section with one slanted interface and one straight 
interface 
The second-order Taylor-Galerkin Stokes scheme and the Euler Darcy flo w scheme 
were used to analyse fluid flow in a rectangular domain using a computational grid 
with 5600 elements and 22761 nodes. Figure 5.49 shows the finite element mesh 
together with the boundary conditions imposed in the analyses. 
BOllndaty Conditions 
A u=v=o B \1=0 C u=v=o 
11 =0.1 
E 1,/ =\1=0 F v=o G u=v=o 
x 
Figure 5.49 Finite element mesh for dead-end filtration analysis with one slanted and one 
straight illtertace showing boundary conditions 
Plug flow Dirichlet-type of inlet velocities boundary conditions are imposed on f AE. 
Lt is given as 0.1 ms-I at the inlet. Non-slip condition is assumed at the so lid walls, f 
i\IJ, f CD, f El' and r GI·I, therefore making the velocity components on the wa Lls Oms-1 
Normal velocity (v) boundary conditions are specified on the walls, r BC and r rc, as 
01l1S-1• A presslU"e datum is given as OPa at the exit. The dimensions of the boUlldaries 
r AE, r AB, f llC, f El', f FG and r GH are O.005m, 0.00838 16m, 0.0066184m, 0.0075m 
and 0.0075m respectively. 
Physical and Nllmericai Data 
A Newtonian fluid of density 970 kgm-3 with a cOllsistency coefficient of 80 kgm-I S- I 
was used to study the hydrodynamics in the rectangular duct with a porous section. 
Table 5.4 shows some of the physical and numerical data used in the analyses. 
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Computational Results and Discussion 
Dead-end analyses numerical and physical data for combined free and porous 
tlow donmin with one slanted interface and one straight interface 
Permeability, m' At, s Speed of sound, ms-' 
10"" 00001 600 
10.0 0.000001 60000 
10-'" 0.00000000000 1 4000000000 
Results and Discussion 
The results presented here are for the fifth time-step. Velocity calculations results are 
presented tirst fo llowed by the pressW"e calculation results. F igures 5.50 - 5.52 show 
the velocity profil es cO'Tesponding to different permeability values. III each case a 
typical plug flow protile becomes fully developed parabo lic tlow as it approaches the 
slant interface r BF (see Figure 5.49) and then it becomes plug flow again in the pomus 
medium BeGF (see Figure 5.49) before becoming fully developed parabolic flow 
again in the free flow region CDHG. The velocity field in Figures 5.50 and 5.51 are 
the same which means that any change in permeability in the domain would result in a 
change of the same magnitude in the simulated pressw·e. 
Figure 5.50 Velocity vectors for dead-end filtration analysis with one slanted and one 
straight interface for permeability 10-4 m2 
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Figure 5.51 Velocity vectors for dead-end fi ltration ana lysis with one slanted and one 
straight interface for permeability 10-6 rn2 
Figure 5.52 Velocity vectors tor dead-end filtra tion analysis with one slanted and one 
straight intertace for permeability 10-12 m2 
The pressure plots in Figut"es 5_53 - 5.55 are for the fifth time step cOITesponding to 
the velocity profi les in Figures 5.50 - 5.52 respectively. 
Figure 5.53 Pressure contour plot for dead-end filtration analysis with 
one slanted and one straight interface for permeability J 0" rn2 
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Figure 5.54 Pressure contour plot for dead-end tiltration analysis witl! one slanted and 
one straight interface for permeabi lity 10-6 m2 
Figure 5.55 Pressure coutour plot for dead-end filtration analysis with one slanted and 
one straight interface for permeability I O- l~ rn2 
The different values of /';1 alJd tile speed of sound do not show the Salne consistency 
as in the first case in which the interface is not slanted, r BF. The errors in overall 
mass balances in these simulations al·e less thall 0.16%_ 
5.4.1.7 Closure 
The difficulty of mixed interpolation has been sidestepped by the introduction of 
slight compressibility in the continuity equation used in the scheme. It bas been 
demonstrated that for very low permeabilities a very small, /';1, is required to achieve 
stable and tileoretical consistent results. Generally for very low permeabilities the 
88 
_______ ..J 
Chapter 5 Computational Results and Discussion 
velocity field remains unchanged and any cbange in the permeability results in a 
change of the same order of magnitude in the pressure field. As the geometrical 
complexity of the domain increases it becomes increasingly difficult to find optimum 
values of At and the speed of sound, which give stable and accurate values. 
Essentia ll y the values of At and the speed of SOIUld must be taken in the overall 
context of the tenn, ~ ap , which besides adding 
p.c at slight compressibility in the 
continuity equation is also a stabilising term in itse lf 
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5.4.2 The U-V-P Scheme with Taylor-Hood elements 
The results repotted in tlus section were obtained fi'om tile U-V -P Scheme based on 
the Taylor-Hood elements. 
5.4.2.1 Hydrodynamics in a circulating chamber 
The deve loped Taylor-Hood scheme is used to analyse circulating fluid flow of a 
highly viscous material in a rectangular do main. The domain considered has a 
computational grid with 50 elements and 23 I nodes. Figure 5.56 shows the fitlite 
element mesh together with tile boundary conditions imposed in tile analyses. 
BOllnda,y Conditions 
A u=O B 
11=0.02 
,,=0 
c 11.=0 D 
Ll= v=O 
y 
.. 
" 
1\ 
- -
\ 
-P=O 11 V 0 
Figure 5.56 Finite element mesh for the circu lating chamber showing boundary 
conditions 
Dirichlet-type of inlet velocities boundary conditio ns are imposed 0 11 f BC. U and v are 
given as O.02ms' t and Oms,t on r BC respectively. Non-slip condition is assumed at the 
so lid wails, f Ail, r El' and r DF, tI1erefore making tile velocity components on the 
walls Oms" . A pressure datum is given as OPa at centre of tile domain. The 
dimensiolls of the boundaries r AE and r EF are O.05m by 0.2m 
Physical and Numerical Data 
A Newtonian t1uid of density 760 kgm,3 with a consistency coefficient of 16 000 kgm' 
' 5" was used to study tile bydrodYll1lJ1UCS in the rectangular duct described above. 
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Results and Discllssion 
Velocity calculation results are presented first fo llowed by the con esponding pressure 
calculatio n results. Figure 5.57 shows the fluid c irc ulat iJJg in the rectangular domain. 
Figure 5.57 Velocity vectors showing the circulating tluid 
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The pressw'e plot iJJ F ig ure 5.58 con'esponds to the velocity profile in Figure 5.57. 
The pressure drop shown in Figure 5.58 is 1. 88x 1Q5Pa. This result sho ws that the 
scheme is capable of simulating circ ulatory flows under very to ugh phys ica l 
conditions o f very high viscosity. This suggests d1at with an appropriate viscosity 
model the scheme can be used in teclmo logies such as polymer process ing. An overall 
mass balance check gave a % enDr of 0.002. 
Figure 5.58 Pressure contour plot for the circulating fluid 
91 
y 
Chapter 5 Computational Results and Discussion 
5.4.2.2 Hydrodynamics in combined free and porous flow domain with pleated 
porous interface 
First case: Half pleat porous section 
A domain with half-pleat geometry is constructed yielding a computational grid with 
41 36 elements and 16859 nodes. Figure 5.59 shows the tinite element mesh together 
with the boundary conditions imposed in the analyses. 
Boundary Conditions 
A B u:::v=o 
u=O. J 
D 
Lx E U. ::::v:::o F v=O G u =v=o H 
Figure 5.59 Finite element mesh for rectangular domain with half-pleat porous section 
showing boundary conditions 
Plug flow Dirichlet-type of inlet ve loc ities boundary conditions are imposed on r AE. 
u is given as O.l ms-' at the inlet. Non-slip condition is assumed at the so lid walls, r 
AB, r CD , r El' and r GB, therefore making the velocity components 0 11 tbe walls OI11S-' . 
Normal velocity Cv) boundary conditions are specified on the wails, r BC and r FG, as 
Oms-' , 
The porous section is shown more clearly in Figure 5.60 as region BCGF. The 
dimensions of the boundaries r AE, r Er, r FG and r GII are 0 ,OO5m, 0.OO77083m, 
0.OOO4167m and 0.01 1875m respectively. 
A B c D 
E F G H 
Figure 5.60 Schematic diagram for a rectangular domain with half-pleat porous section 
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Physical and Numerical Data 
A Newtonian fluid of density 970 kgm-3 with a consistency coefficient of 80 kgm-Is-I 
was used to study the hydrodynamics in the rectangular duct with a porous section 
with permeability values in both longitudinal and transverse directions of 10-10 m2, 10-
12 m2 and 10-14 m2 A Newtonian fluid of the same density and the following 
consistency coefficients 0.001 kgnfls-I and 1.0 kgm-Is-I was used to study the domain 
with a porous section of pemleability 10-14 nl. 
Results and Discussion 
The results presented here are for steady-state analyses. Figures 5.61 - 5.65 shows the 
velocity pro fIles cOJTesponding to various perllleability va lues and consistency 
coefficients. In each case a typical plug now profile becomes fully developed 
parabo lic tlow as it approaches the interface at which the flow profile sho ws so me 
circulation before it becomes fully developed parabo lic flow again in the free flow 
region. The overall mass balances taken over the whole domain for these simulatiOlls 
gave eJTors of less thall 0.13%. 
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Figure 5.61 
Figure 5.62 
Figure 5.63 
Computational Results and Discussion 
Velocity vectors for rectangular domain with halt~pleat porous section 
for permeability I 0-10 m2 and consistency coeffici ent 80 kgm-I S- I 
Velocity vectors for rectangular domain with half-pleat porous section 
for permeabi lity 1 O-12 m2 and consistency coefficient 80 kgm-Is-I 
Velocity vectors for rectangular domain with half-pleat porous section 
for permeability 10-14 rn2 and consistency coefficient 80 kgm-I 5- 1 
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Figure 5.64 
Figure 5.65 
Computational Resu.lts and Discu.ssion 
Velocity vectors for rectangular domain with halt~pleat porous section 
for permeability 1 0·'4m2 and consistency coefficient 1.0 kgl1" " 
Velocity vectors for rectangular domain with half-pleat porous section 
for permeability 1O·'4 m2 and consistency coefficient 0.001 kgu, ',' 
The pressure plots in Figures 5.66 - 5.70 cOlTespond to the velocity profiles in Figures 
5.61 - 5.65, respectively. The results show an increase in the simulated pressw'e drop 
as the permeability decreases fo r the same viscosity. The simulated pressure drop 
decreases with decrease in the viscosity for a given permeability . TIle pressure 
differential at the free / porous flow domain interface is variable so there is fluid 
circulation at the interface. The increase in permeability has a very significant effect 
on the amouut of seepage flow through the porous boWldary. 
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Figure 5_66 
Figure 5_67 
Figure 5_68 
Pressure contour plot for rectangular domain with balf-pleat porous section 
for permeability 10-,o m2 and consistency coeffi cient 80 kgm-'s' 
Pressure contour plot for rectangular domain with half-pleat porous section 
for permeability 10-'2 m2 and consistency coeffi cient 80 kgm-'s-' 
Pressure contour plot for rectangular domain with half-pleat porous section 
for permeability 10-'4 m2 and consistency coefficient 80 kgm-'s' 
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Figure 5.69 
Figure 5.70 
Computational Results an.d Discussion. 
Pressure contour plot for rectangular domain with half-pleat porous section 
for permeability 10-14 nl and consistency coeffi cient 1.0 kgm-Is-1 
Pressure contour plot for rectangular domain with half-pleat porous section 
for permeability 10-14 m' and consistency coeffi cient 0.001 kgm-Is·1 
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Second case: FilII pleat porous section 
A Taylor-Hood Stokes and Darcy tlow scheme was used to analyse tluid tlow in a 
rectangular domain with a pleated porous interface using a computational grid with 
8272 elements and 33463 nodes. FiglU"e 5.71 shows the finite element mesh together 
with the bowldary conditions inlposed in the analyses. 
Boundwy Conditions 
A 
11 =0. J 
y 
E 
Figure 5.71 
B v=O C u=v=o 
F v=O G u==v=o 
x 
Finite element mesh for the combined free and porous flow domain with 
pleated porous interface showing boundary conditions 
o 
H 
Plug flow Dirichlet-type of inlet velocities boundary conditions are imposed on r A£. 
11 is given as D. l ms·' at the inlet. Non-slip condition is assumed at the solid walls. r 
AD. r CD. r EF and r GH. therefore making the velocity components on the walls Oms·l 
Normal velocity Cv) boundary conditions are specified on the walls. r BC and r ra. as 
Oms·'. 
The porous section is shown more clear ly in Figure 5.72 as region BCGF. The 
dimensions of the boundaries r A£. r EF. r FG and r GH are 0.005111. D.DI45833m, 
0.OOO4167m and D.ooSm respectively. 
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A B c D 
E F G H 
Figure 5.72 Schematic diagram for the rectangular domain with full single pleat porous 
section 
Physical and Numerical Data 
A Newtonian fluid of density 970 kgm-3 with a consistency coefticient of 80 kgm-I S- I 
was used to study the hydrodynamics in the rectangular duct with a porous section 
with permeability 10-14 m2. 
Results and Discussion 
The results presented here are for steady-state analyses. Figure 5.73 shows the 
velocity profile. A typical plug flow profue becomes fully developed parabo lic flow 
as it approaches the interface at which the flow profUe shows some circulation before 
it becomes fully developed parabo lic flow again in the free flow region. A mass 
conservation check gave an elTor of 0.16%. 
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Figure 5.73 Velocity vectors for the combined free and porous tlow domain with pleated 
porous intelface for permeability 10.14 nl 
The pressure plOI in Figw-e 5.74 conesponds to the velocity profile in Figures 5.73. 
Figure 5.74 Pressure contour plot for the combined free and porous tlow domain with 
pleated porous interface for permeability 10.14 m' 
Figure 5.74 shows that the biggest pressw-e drop is in the porous region. This result is 
significant in that it shows that the scheme is capable of modelling the complex 
pleated geometry. The velocity and pressw-e profiles are consistent with theory (Chen 
et ai , 1995). The pressure differential at the free I porous flow domain interface is 
variable so there is fluid circulation at the intelface. 
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Third case: Multiple pleat porous section 
The computational grid in Figure 5.75 has 41 83 1 nodes and 10350 elements. The 
boundary conditio ns imposed in the analysis are shown in Figure 5.75. The domain 
represents a typical filter element cross-section with multiple pleat sections. 
Boundary conditions 
v,,=O.1 
u=O 
v=0 
Figure 5.75 Finite element mesh for quarter domain with multiple pleats showing 
boundary conditions 
Radial Dirichlet-type of normal velocities boundary conditions are imposed at the 
inlet. v" is given as O. IITIS-I at the inlet. A pressure datum is given as 0 Pa at the exit. 
Physical and Numerical Data 
A Newtonian fluid of density 970 kgm-3 with a consistency coefficient of 80 kgm-Is-I 
was used to study the hydrodynamics in the rectangular duct with a porous section 
with permeability values in both longitudinal and transverse directions of 10-10 Ill. 
Results and Discussion 
A typical result showing the pressme gradient in a pleated cartridge filter e lement is 
shown in Figure 5.76. TIle pressure profile gives a reasonable approximation o f the 
flow distribution, and this might be verified by suitable experinlents or through 
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comparison with commercial fluid modelling software. The % eITor in comparing the 
inflow and outflow is 0.22%. Tllis result shows that the U-V -P scheme based on 
Taylor-Hood elements has been able to successfully model a coupled flow regime in a 
typical pleated cartlidge fi lter geometry. 
Figure 5.76 Pressure contour for the quarter domain with multiple pleat sections 
5.4.2.3 Closure 
The mam feature of the developed U-V-P model is the use of CO continuous 
isoparametric Taylor-Hood elements. Tills fonnu lation provides unequal order 
approximating functions for the velocities and pressure fields . It has been 
demonstrated that the scheme is capable of modelling combined Stokes !l11d Darcy 
flows in geometrically complicated domains with so lid and porous boundaries. The 
scbeme is capable o f describing flow fie lds in porous media in the penneabi lity range 
104 m2 - 10-14 m2 with the % eITor in the overall mass bala.nce less than 0 .22. This 
covers the pem1eability of the filter medium under consideration, wllich is of tbe order 
of 10-12 m2 However some materials have a permeability range lower than 10-14 nl 
and it would be useful to develop the capability of the scheme to cope with such a 
permeability range. The incorporation of a mass transport model would further 
complicate the flow pattems in the pleated cartridge filter. Tllis imposes severe 
restrictions on the acceptable discrepancies in the overall mass balances for the clean 
filters considered in this study. 
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5.5 Modelling of the Pleated Cartridge Filter 
A repetitive unit of the pleated cattridge filter geometry was used in the simulations. It is 
the smallest unit not affected by the attificial boundat·y conditions imposed at the ends of 
section taken hom a lat'ger domain. It has a replica of a singe pleat unit within it s 
geometry which is not affected by tbe attiflcia l boundary conditions which are required to 
be used in the simulations ofa part oftbe whole domain. The simulation oftbe repetitive 
unit is equivalent to tbe modelling of the whole 2-D domain and drastically reduces 
computational time (Ruziwa et ai, 2003). Figure 5.77 shows whole 2·D tilter domain and 
the repetitive pleat sections. The repetitive unit computational grid has 2400 elements 
311d 10101 nodes. 
Figure 5.77 
Region 
a:a.KI 
"-
Region --lw,,-r,\ 
IJ'UVl 
R~Cll 
BCJ1 
~0I1 
AB1H -...... 
Region 
MNM'PGF 
Region 
PE'LWr 
Region 
C'B,!,J' 
Region 
B'A'HT 
Finite element meshes for the whole lilter domain and the repetiti ve unit. 
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Boundwy Conditions 
Figure 5.78 shows the finite element mesh for the repetitive unit used in the simulation 
together with the boundary conditions imposed in the analyses. 
VII 
VII 
u= OI11/s u= Omls 
Figure 5.78 Filule element mesh for the repeliti ve unit showing boundary condilions 
The known input conditions are the constant vo lumetric (mass) flow rate to the cartridge 
housing and the pressure at the exit of the inner tube (see Figure 5.78). This is not a 
tt1viaJ task and mathematical theOIY of such an approach is yet to be completed (Bullnan 
et ai, 2002; Layton et ai, 2003 ; Masud et ai, 2002). For tbe purposes of tlus work an 
engineering approach was adopted in whicb the overall flow is uniformly distt1buted over 
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the entire pleat surface. The fluid velocity nOlIDal to the boundary, VII' is imposed at the 
inlet. Along the artificial boundaries of the repetitive unit zero nonnal velocity is imposed 
(note that the imposition of no slip conditions is incompatible with the Darcy equation). 
A zero pressme datum is imposed at the exit (inner fi·ee flow region). 
Physical and Numerical Data 
Fluids with a density of 880 kgm-3 and a consistency coefficient of 0.0686 kgm-'s-' and 
power law indices 0.85 , 1.0 and 1.15 were used to study tbe bydrodynamics in pleated 
cartridge filters. Tbe penneability in both directions is 1.47x lO-'2m2 
Results and discussion 
Figure 5.79 sbows the velocity vectors of the Newtouian tluid for the regions ABIH and 
B' A'H'I' . The velocity vectors are in the direction of tlow as expected. The velocities 
decrease as the cross-sectional area increases which is in conformity with theory. This 
suggests that the law of conservation is being upheld. 
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Figure 5.79 Velocity vectors of a NeWlonian fluid for the regions ABfH and B' A'HT 
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The velocity fields shown in Figure 5.79 show some circulation or backward flow at the 
inlet. This is caused by the very low pressure in that region (see Figure 5.86) due to the 
'velocity jump' between the comer node and the nearest inlet node. Velocity is given as 
Orns-I at the comer node and 0.0053 1llS-1 at the next nearest inlet node and tbere is no 
grading between them bence tbe jnmp. 
The velocity profiles in Figure 5.80 show typical 'peacock ' profiles for the regions 
CDELKJ and E'D'C'J'K'L'. The scheme has been able to produce symmetry in tbese 
calculations. This can be attributed to the symmetrical geometry of the pleats in the tilter. 
There is a rapid increase ill velocity as the fluid exits the porous medium. 
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CDELKJ 
E'D 'CTK'L' 
Figure 5.80 Velocity vectors of a Newtollian Iluid for the regions CDELKJ and 
E'D'C' J'K' L' 
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Tbe velocity profile in Figure 5.81 shows tbe vectors for the region MNM'F'GF. The 
scbeme Ilas been able to produce symmetry in these calculatiollS. There is a decrease in 
velocity as tbe fluid exits the porous medium and tbis can be attributed to the significant 
increase in the cross-sectional area at tbe outlet. 
, 
, , 
Figure 5.81 Velocit y vectors of a Newtonianlluid lor the region MNM' F'GF 
The velocity profiles in Figure 5.82 for a shear thinning fluid show the similar typica l 
'peacock ' profiles for the regions CDELKJ and E'D'C'J'K'L' observed for the 
Newtonian fluid . The sYIllllletry in tbese calculatio llS confirms the consistency and the 
accuracy of the scheme. 
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CDELKJ 
, 
, 
E'D'CTK'L' 
Figure 5.82 Velocity vectors of a shear thinning tluid for the regions CDELKJ and 
E' D'C'J'K' L' 
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The velocity profile in Figure 5.83 shows the vectors for the region MNM'F'GF for a 
shear thinning tlu.id. The scheme has also been able to produce symmetry in these 
calculations. The velocities decrease as the cross-sectional area increases, which shows 
that continuity is ensured. 
, , , , 
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Figure 5.83 Velocity vectors of a shear ulilullng fluid for the region MNM ' F'GF 
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Figure 5.84 shows ve locity vectors for the regions CDELKJ and E'D 'C 'J'K'L ' for a 
shear thickening tluid . 
CDELKJ 
I I I I 
E'D'CTK'L' 
Figure 5.84 Velocity vectors of a shear thickening l1uid for the reb>1ons CDELKJ and 
E'D'C'J'K'L' 
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Figure 5 .85 sbows tbe vectors for tbe region velocity MNM'F'GF for a sbear thickening 
fluid . 
, , 
Figure 5.85 Velocily vectors of a shear tbickenil'g fluid for the region MNM 'F'GF 
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Tbe pressure plots in Figure 5.86 corresponds to the velocity profiles in Figures 5.79. In 
both cases tbe pressure decreases in the direction of the fluid flow, which is expected. 
The pressure drops (&, and &2) across the regions ABllI and B' A'H'I' are 90 kPa. 
Tbe anomaly in tbe bottom tips of tbe pleats in Figure 5.86 is due to the velocity 
boundary conditions on and near tbe tips at the inlet. The artificial boundary conditions 
(u=O mls) imposed on tbe pleat ends (see Figwe 5.78) result in the negative pressure 
values near the top tips, which bave no bydrodynamic meaning. This is why tbe single 
pleat is not considered a repetitive unit because if tbe sections distorted as a result of tbe 
artificial boundary conditions are removed tbe remaining sections cannot represent tbe 
full symmetrical pleated cartridge geometry. These can be eliminated when tbe complete 
pleat network is analysed. Grading the velocities between the comer node and the nearest 
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inlet node can eliminate tbe negative pressw·es. Tbe outer P31t of tbe domain has a 
reference datum pressure of OPa fixed as boundary condition (see Figure 5.78). 
Tips close to where negative pressures 311: localised 
ABIH B' A'HT 
Figure 5.86 Pressure cont our piots of a Newtonianlluid for the regions AB /H and B' A 'H ' / ' 
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The pressure plots in Figures 5.87 are for tbe regions Ben and EFML. The pressure in 
both cases decreases in tbe direction of tbe fluid flow, whicb is expected. The pressure 
drops across tbe middle sections shown by tbe aJTOWS in Figure 5.87 are 145kPa. 
Ben EFML 
Figure 5.87 Pressure contour plots of a Newton.ian fluid for the regions BOl and EFML 
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The pressure plots in Figw·es 5.88 are tor the reg ions F'E'L'M' and C'B ' IT. The 
pressure in each case decreases in the direction of the tluid tlow, which is expected. The 
pressure drops across the middle sections shown by the arrows in Figure 5.88 are 145kPa. 
Figure 5.88 
F'E'L'M' C'B'!'J' 
Pressure contour plots of a Newtonian fluid for the regions FE'L'M ' and 
C' BT), 
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The pressure profiles in Figures 5.89 con·espolld to tbe velocity profiles in FigUl"e 5.80. [n 
Figure 5.89 the pressure drops (M I and f'..P2) are 236kPa. 
Figure 5.89 
CDELKJ E'D'C'J'K'L' 
Pressure contour plots of a Newtonian fluid for the regions CDELKJ and 
E'D'C'J 'K'L' 
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Figure 5.90 sbows tbe pressure protile for tbe region MNM'F'GF. The pressure decreases 
in the direction of tbe tluid t1ow, whicb is expected . Tbe pressure drops CMl and L'.P2) 
across the region MNM'F'GF are 95 kPa. 
Figure 5.90 Press ure contour plot of a Newtonjan Ilujd for the region MNM ' F'GF 
Effect of fluid type on Simulated Pressure drop 
The effect of t1uid type on tbe simulated pressure drops was investigated. The boundary 
conditions in Figme 5.78 were imposed in tbe analyses. Vn was given as 0.0053ms-1 at tbe 
inlet. 
PhYSical and Numerical dala 
Fluids of density 880 kgm-3 with a consistency coefficient of 0.0686 kgm-1s-1 and power 
law indices 0.85, 1.0 and 1.15 were used to study the tlow characteristics in a medium 
with permeability of 1.47x lO-12 m'-
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Results and Discussion 
Figure 5.91 shows that for a given inlet velocity, thickness and permeability of medium 
the simulated pressure drop increases as the power law index increases which IS 
consistent with Darcy's law. This is caused by an increase in the viscous drag forces. 
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Effect of Iluid type on simulated pressure drop 
Effect of Flow rate on Simulated Pressure drop 
-+- Shear thickening fluid 
...- Newton.ian Iluid 
Shear thitming Iluid 
The effect of flow rate 011 the simulated pressure drops was detelluined. The boundary 
conditions in Figure 5.78 were imposed in the analyses. Different values of v" were given 
at the inlet. 
Physical and Numerical data 
A Newtollian tluid of density 970 kgm-3 with a consistency coefficient of 80 kgm-Is ' was 
passed through a porous medium of permeability of 1.47x lO-' 2 m2 at different flow rates 
noting the changes in the simulated pressure drops. 
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Results and Discussion 
Figure 5.92 shows that tor a gIVen Newtonian tluid and constant thickness and 
pemleability of medium the simulated pressure drop increases with the tlow rate. 
Figure 5.92 
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The effect of viscosity on the simulated pressure drops was investigated . The boundary 
conditions in Figure 5.78 were imposed in the analyses. v" was given as 0.0053 ms-I at 
the inlet. 
PhYSical and Numerical data 
Newtonian tluids of density 880 kgnf 3 with different consistency coefficients were 
passed through a porous medium of permeability of 1.47x lO-12 ill2 noting the changes in 
tbe s imulated pressure drops. 
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Results and Discussion 
Figure 5.93 shows the effect of changes in viscosity on tbe simulated pressure drop. The 
simulated pressure drop increases with increase in viscosity. 
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Effect of viscosity on simulated pressure drop 
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5.6 Comparison of Experimental and Simulation Results 
The developed code was validated against some experimental data. A fluid of density 880 
kgm·3 was passed through a flat permeable medium of pen ne ability of l.96x 1O·12 JJ12 and 
pressure drop figures across the penneable medium were obtained. The permeable 
medium used was 0.59 mm thick with tbe cross-sectional area of 28.3 cm2 
A finite element mesh with 250 elements and 2121 nodes was generated based on the 
dimensions of the porous domain. The finite element mesh was extended to include a free 
flow reg ion with the same area and a thickness 1110 tbat oftbe permeable medium. Finite 
element simulations were carried out for various tlow rates and Table 5.5 shows the 
experimental and simulation data 
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Table 5.5 Experimental and Simulation Data 
"Experimental Simulated 
Flow rate 
No. 
Pressure drop Pressure drop 
(lit/min) across Permeable across Permeable 
medium (bar) medium (bar) 
1. 0.45 0.48 0.47 
2. 0 .68 0.67 0.61 
3. 0.91 0.90 0.90 
4. 1.14 1.11 1. 13 
5. 1.36 1.27 1.39 
'Courtesy of Sofrallce (Snecma Group) 
Figure 5.94 shows a comparison of simulated and experimental pressure drops tor 
various tlow rates. 
Figure 5.94 
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Comparison of simulated and experimental pressure drops 
Figure 5.94 sbows that tbe simulated pressure drop values compare favourab ly with the 
corresponding experimental pressure drop values . The maximUJll pressure drop is in tbe 
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porous region which amounts to around 94 % of tot a] pressure drop developed across the 
overall domain. The distribution of pressure in free and porous tlow domain is observed 
to be consistent with the change in tlow rates and it is shown in Table 5.6. 
Table 5.6 Distributions of pressures in flow regions 
Flow rate Free flow region Porous flow 
(litfmin) %l1P region %l1P 
l. 0.45 5.80 94.20 
2. 0.68 5.87 94.13 
3. 0.91 5.87 94.13 
4. 1.14 5.88 94.12 
5. 1.36 5.92 94.08 
5.6.1 Construction of the Permeability Model 
Media detonnation oWUlg to the pressure of the tluid tlowing through it has been 
explained in section 2.4 of this thesis. The underlying phenomena of media compress ion 
and loss in filtration area of the media results in the change of permeability of the media. 
Figure 5.95 sho ws the experimental results tor a tl at fibre g lass permeable medium. The 
full set of results are in Test 1 in Appendix 1. 
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Figure 5.95 Experimental dala for the nal fibreglass permeable medium 
The data m Figure 5.95 do not follow the linear behaviour of Om"Cy' s law and tbe 
deviation is due to the compression of tbe medium. It is tbereto re necessm·y in tbe 
hydrodynamic model to consider the compression of the medium by building a 
compression pellIleability model into it. The data in Figure 5 .95 is used to detelllline a 
penlleability model, wbicb is incorporated into tbe developed schemes algol1thms for 
detellllining the degree of compression. Tbis permeability mode l can be used to qumllify 
the degree of compression in any filter element in whicb fib reglass medium is the 
filtering matel1al. It must bowever be noted that there may be a need to COnstlUct a 
different compression pel111eability model tor different fibreglass media. The full 
description of the fibreg lass medium used in tbis present work cmlOot be given due to tbe 
confidentiality agreement signed between the author of tbis thesis and the project 
partners. Tbe building blocks of the compression permeability model described in tbis 
thesis can readily be adopted for any filtering medium. In this section a step-by-step 
description of the constlUction procedure of the compression permeahility mode l is g iven. 
Calculation ofpenneabilily based on Darcy's law 
The permeability of every point in Figure 5.95 is detelmined by Darcy's law (Equation 
[3.5]), tbus assuming the law holds at each datum point. The permeability values for all 
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tbe points are tabulated in Test in Appendix I and tbe values sbow some fluctuations, 
whicb can be attributed to experimental errors. The permeability of tbe medium is 
expected to decrease witb increase in the flow rate due to the compression of the media 
hence this data needs to be titted appropriately. In Figure 5.95 it is assumed tbat there is 
no compression for tbe first four data points, and there is compression on the next 22 data 
points and that, there is full compression on the last three data points and beyond. TillS 
breakdown result s in 3 zones namely tbe no-compression zone, compression zone and tbe 
fu ll compression zone. 
No-compression zone 
Tbe first four data points represent the no-compress ion zone. This means that the 
structure of tbe medium is not affected by the fluid flowing through it. It is assumed that 
at low flow rates there is no compression and it only set in when the flow rate increases. 
Figure 5.96 shows linear fitting of the first four points on tbe curve in Figure 5.95. The 
linear plot is consistent with Darcy's Law as it passes througb the origin. 
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Figure 5.96 The first 4 experimental data points of the flat fibreglass permeable medium 
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The slope of the linear curve in Figure 5.96 gives a permeability value of 1.62x lO·' 2 m2, 
which corresponds to the no-compression zone. The permeability value of 1.62x lO-' 2 m2 
was initially used in the silllulations done for the flat fibreglass permeable medium and 
some discrepancy is observed between the experimental data and simulation results. The 
permeability was multiplied by a cOlle ction tactor, 1.214, in order for the expelimental 
data to match sinlUlation results. The new con'ected value of permeability is thus 
1.97x lO-' 2 m2 which is for pressure values up to 1.13x 105 Pa, which corresponds to the 
pressUle of the tOlth data point in Figure 5.96 (see Test 1 in Appendix I). 
Compression zone 
Figure 5.95 sbows deviation from Darcy 's law of the fifth to the twenty-sixth point on the 
curve, which indicates that tbe medium is, compressed thele by changing its permeability. 
The data is fitted in according to the power law selies shown in Figure 5.97. 
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Figure 5.97 The middle 22 experimental data points of the flat fibre glass permeable medium 
Tbe computed individual permeability values for the data points based on the power law 
series fi.IUction in Figure 5.97 are listed in Test 2 in Appendix I. Figure 5.98 shows a plot 
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of the penneability values against the experinlental pressure drop values and a power law 
series function derived from curve fitting is also shown. 
J.6E- 12 
1.4E-12 
y = 2E-I1x···n ?, 
1.2E-12 
~ 
N § IE- 12 
& BE-13 :0 
" 
" E 6E- 13 
" 0.. 
4E-13 
2E-13 
0 
0 200000 400000 600000 BOOOOO 1000000 1200000 
Experimentnll)rcssu,oc Drop (1)a) 
Figure 5.98 The middle 22 permeability data points of tile flat t-ibreglass permeable medium 
Permeability values cOITesponding to different pressure drop va lues can be calculated 
based on the power law series function in Figure 5.98 as foUows 
K=Kx = K y = 2 X 10-11 X (Mt" 2397 when l.13x 105Pa < M < lO.80 x 105Pa [5.1] 
The new permeability values determined from equation [5.1] are listed in Test 2 1.11 
Appendix l. The permeability va lues show an over prediction of compression 1.11 
comparison of the experinlental data and the sinlulation results. A correction factor of 
1.628 is incorporated into equation [5.1] in order for tbe sinlUlatioD results to tally with 
the experinlental data. Equation [5.1) is then modified to 
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when 1.13x 10' Pa < LV' < 1O.80x lO' Pa [5.2) 
The new penneability values based on equation [5.2] are also listed in Test 2 in Appendix 
I. 
Full-compression zone 
The last three data points represent the full -compression zone in which the compression 
reaches a certain limiting va lue after which there is no more compression and the 
penneability va lue re mains unchanged. It is assumed that at tbese points tbe medium has 
reached compression saturation leve l. The last three data points a.re titted in a straight line 
pass ing ttu"Ougb origin according to Darcy equation. Figure 5.99 shows the power law 
series function for the last three data points obtaining after titting a line tbrough them. 
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Figure 5.99 The last 3 experimental data points of the fI at fibreglass permeable medium 
According to Figure 5.99 the permeability value con-esponding to full compression is 
I.04xlO-
12 
m
2 
for all pressure drops equal or greater than 1O.80x I05 Pa. 
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In tbe present work tbree zones described above namely the no-compression zone, 
compression zone and tbe full compression zone thus defme tbe compress ion 
penneability model. Figure 5.100 shows the tbree zones 
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Figure 5.100 Permeability data points oflhe nat fibreglass permeable medium 
The compression penneabiJity model based on the fibreglass media is summarised in 
Table 5.7. 
Table 5.7 The compression permeability model 
Zone Permeability, m< Pressure drop, Pa 
1 1.97 x 10'" !;P Sc 1.13 x 10' 
2 1.63 x 2x lO 11 x (IV» 0.2397 1.l3x l0' < !;P < 10.80 x l0' 
3 1.04 x 10' \" !;P 2:10.80 x 10' 
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The compression permeability model is incorporated into the developed numerical 
schemes and simulations are performed yielding the results in Figure 5.101. Figure 5.101 
shows the experimental and simulation data based on tbe compression permeability 
model for the fibreglass medium. 
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Figure 5. 101 The experimental and simulated data points of the nat fibreglass permeable 
medium 
The degree of compression or the percentage compression for flat fibreglass permeable 
medium used in this present work can be obtained from the following expression 
%Compressim Kc - K 
K 
xlOO [5.3] 
where Kc and K are permeability values of tbe media with and witbout compression 
respectively. 
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Tbe losses in tiltration area are detennined by a loss in filtration area penneability model. 
Tbe loss in filtration area pbenomenon is not found in flow regimes involving tlat sheets 
but in actua l filter elements as explained in section 2.4.2. If the compression model is in 
built in the hydrodynamic model developed tben the deviation of simulated results fj'om 
experimental results is attJibuted to loss in filtration area. In filter e lements the 
cumulative effect of tbe compress ion and loss in area permeability models result in a 
s ingle overall permeability model made up of the two. The tollowing express ion accounts 
tor the loss in filtration area in tilter e lements 
Pc - P/: XP % Loss in Area = . x 100 
PEXI' 
[5.4] 
where P"xP and Pc are pressure drop values obtained fi'om experiments and simulations 
witb a compressed media respectively. 
It is clear from equation [5.4] that the detennination of loss in filtration area in filter 
e lements is done after the degree of compression has been evaluated. Thus this is done in a 
step-wise fashion. The loss in area factor determined by equation [5.4J results in a chaJJge 
in tbe volumetlic flow rate per unit area. Subsequently new average velocities aJ'e 
calculated on the basis of tbe loss ill area factors for each value of experimental flow rate 
aJld the simulations aJ'e repeated using Kc values. The new pressw'e drop values, PC+A , 
obtained after the simulations comprises the effect of compress ion and loss in filtration 
aJ-ea. Thus the main objective of the overall permeability model is to evaluate PC+A through 
the detennination of the degrees of compression and loss in f1Jtration aJ·ea. 
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5.6.2 Modelling of Filter Elements: Application of the Permeability Model 
Physical and Numerical Data 
Numerical simulatioos were caITied out on 7 filter e lements of different geometlies. A 
Newtonian fluid of density 880 kg m-3 was used in the simulat ioos. The permeability 
values in both the longitudinal and transverse direct ions were based on tbe overall 
pemleability model. 
cbaracteristics: 
The tilter e lements geometries differ in tbe fo Howing 
• Number of pleats 
• Fi Iter element height 
• Fi Itration area 
• Diameter of inner core 
Full disclosure of the geometlical characteristics of the filter e lements used in the present 
work can not be given due to tbe confidentiality agreement signed between the author of 
this thesis and the project paItners. Table 5.8 shows the some of the characterist ics of tbe 
filter elements 
Table 5.8 Filter element geometrica l characteristics 
Filter Filter Filter Filter Filter Filter Filter 
element element element element element element element 
A B C D E F G 
Number of 
pleats 80 70 88 75 70 82 75 
Inner core 
diameter 59 59 59 59 59 59 59 
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The developed hydrodynamic model with the permeability models incorporated has been 
validated against experimental data obtained from a mUlti-pass test for hydraulic fluid 
power filters (ISO, 1998). In this test the feed rate is constant and the pressure rise with 
time is monitored. The incorporation of the permeability model into tbe bydrodynamic 
model accounts for tbe degree of compression and loss in filtration area. The degrees of 
compression and losses in filtration area have been estimated for the tilter elements 
constructed with fibreglass media. Figures 5.102-5.108 show the pressw·e, degree of 
compression and loss in tiltration area profiles for all the filter e lements considered. The 
pellneability model gives the bydrodynamic model the capability to deal witb the 
complex flow charactelistics encountered in pleated crutridge fLlter elements. The degree 
of compression in eacb case increases witb tbe flow rate whilst that of tbe loss in 
filtration area decreases as tbe flow rate increases. The loss in filtration ru·ea graphs 
sbows a kink in the profiles signalling an increase in the loss in area as tbe flow rate is 
increased nllther. This can be attributed to tbe severe distOItion of the structure of tbe 
media and tbe pleats as tbe flow rate is increased. Tbe losses in tiltration ru·ea suggest 
possibility of a significant reduction ill the amount of tilter material used in tilter 
manufactuling. This evidence cballenges tbe existing technology of manufacturing 
pleated caJtlidge tilter e lements. Reduction in material used in producing pleated 
crutridge filter elements will result in smaller low weight fLlter e lements and this will in 
turn increase their efficiency and effect iveness. 
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Filter elements A, Band D have the same core diameter, pleat height, filt er e lement 
height and different number of pleats. Filter elements A, Band D have tbe following 
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numbers of pleats 80, 70 and 75 respectively as shown in Table 8. Figure 5.109 shows the 
effect of pleat crowding on filter e lements A, Band D . 
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Figure 5. 109 ElTecl of plea I crowding Oil loss ill filtration area 
Figure 5.109 shows that for a given filt er e lement geometry the loss in tiltration area 
increases with the number of pleats for tibreg lass media (pleat crowding) . 
According to the best knowledge of the author the previous studies reported in the 
literature do not address cbanges in permeability due to compression of filter media and 
losses in filtration area as a result of pleat crowding. Largely most of the effolt is devoted 
to changes in penneability owing to particle deposition. The permeability model just 
described in this section allows engineers and scientists to understand tbe inner workings 
of filt er elements. It is paramount to bave a bydrodynamic model, whicb describes the 
underlying mathematics 3JJd pbysics of the flow process. It is quite evident fi"Om the 
cartridge fLIter element results tbat generally the effects of tbe compression and loss in 
area pbenomena are seen at relatively higber flow rates. As the flow rate is increased the 
gaps between tbe pleats are forced to widen thereby availing more surface area for 
filtration. Owing to tbe cumulative effect of the compression and loss in filtration area 
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phenomena, the permeability of the filtering medium decrease with increases in the tlow 
rate. 
Figure 5.110 shows the effect of number of pleats on experimental pressure drops tor 
different volumetlic tlow rates. 
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For a given core diameter, pleat height, filter element height tbe experinlental pressure 
drop decreases with increase in tbe number of pleats. 
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Conclusions and Recommendations for Future Work 
6.1 Conclusions 
A steady-state U-V -P scheme based on Taylor-Hood elements was developed for coupled 
flows in geometri call y complex fl ow regimes. This scheme presents an elegant, simple 
and straightforward scheme, which describes accurately coupled free and porous flow 
regimes. The scheme showed that it can cope with complex geometries in volving porous 
sections by modelling the compl icated geometry of pleated cartridge filters. The scheme 
was verifi ed on single curved and multiple curved boundaries. This capability a ll ows the 
investigation of the effects of changing the filter geometry, flow system characteristics 
and the filterin g medium, and operational condi tio ns on the overall performance of any 
given filters. Changes in design could be quick and economic. The simulat ion of coupled 
and decoupled free and porous flows provides a flexible feature which allo ws a user to 
model different regions in various ways. Most research concen trates on straight or fl at 
interfaces and boundaries, which do not present difficult numerical problems. 
A transient weighted residual fi nite element U-V -P scheme based on Lagrange elements 
was developed and validated for coupled and decoupled free and porous flows in simple 
geometry flow regimes. The developed model has shown to generate reasonable and 
consisten t results, which sati sfy combined flo w regimes. The introduction of sli ght 
compressibility in the continuity equation used in the scheme has enhanced the 
robustness of the scheme by stabili si ng it. The selection of the appropriate time-stepping 
and numerical scheme parameters ensures continuity of the flow variab les across the 
interface. However, the selecti on of the appropriate time-stepping and numerical scheme 
parameters is not straightforward and can be time-consuming and in thi s regard it needs 
further study. 
The two U-V-P schemes are ab le to simul ate flows of both Newton ian and non-
Newtoni an fluids under isothermal condi tions. The schemes also take into consideration 
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different material properties of the domain under study, which makes them versatile and 
handy in wide range of applications and uses . The schemes are capable of investigating 
the effect of different types of fluids of different viscosities on the performance of any 
given filter. 
Simulated results obtained from the hydrodynamic model compared favourably with the 
experimental results. The hydrodynamic model is able to simulate flows in pleated 
cartridge filter elements with various geometries. A permeability model , which accounts 
for changes in the permeability of fibreglass medium, was developed. The incorporation 
of the permeability model into the hydrodynamic model allows the degree of 
compression and loss in filtration area in filtering materi als to be determined. 
Generally computational meshes need to be more refined in the free flow region near the 
free / porous flow interface as compared to other zones in th e coupled domain. This is 
done to obtain stable results and avoid spurious oscillations near the interface that could 
with time di srupt the flow fi e lds in the entire free flow field. It is important to note that in 
order to circum vent the complex ity of linking the flow in coupled flow analyses Darcy's 
law describes the flow at interface. Thi s is in sharp contrast to what is reported in most 
literature in which some interfacial conditions are specifi ed. This study has shown th at as 
long as the principles of physics are upheld a practi cal and useful tool can be developed 
for coupled flow analyses . 
6.2 Recommendations for Future Work 
The objective of thi s work was to develop a hydrodynamic model for coupled and 
decoupled flow regimes has been met. The transient U-V -P scheme based on the 
Lagrange elements still need to be tested further for complex geometri es. This may be 
done thou gh the se lection of the appropriate time-stepping and numerical scheme 
parameters. 
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The robust U-V -P scheme based on Taylor-Hood elements presented in thi s work is a 
steady-state one. In order for the complete simulation of filtration processes it might be 
necessary to consider filtration times or cycles. The scheme needs to be made transient in 
order for it to be used in unsteady-state conditions. Commercia ll y avai lable fluid 
modelling software could be used to compare solutions produced with the Taylor-Hood 
scheme . 
The schemes reported in thi s work are based on isothermal conditions. There may be 
changes in temperatures in some physical domains. Aeronautica l filters are subjected to 
large fluctuations in operating temperatures on the ground and in the air. The solution of 
an energy bal ance equation would provide usefu l information for non-isothermal 
conditions app licati ons. 
The porous media used in thi s present work are ass umed to be homogenous wit h 
permeability in all directi ons the same. In some applications compos ite media or media 
with varying permeabi lity are used so it would necessary to extend the scheme to cope 
with such materials. It would add value to the model to consider the structure of the 
medi a based on physical properti es such as porosity , fibre di ameter, thi ckness and pore 
size distribution. Further investi gati ons could be carried out to expand the scope of fil ter 
materials to include those with permeabilities lower th an 10-14 m2 Depth fi ltration can be 
simulated using medium with varying permeabi li ty. Depth filters have a varyin g dens ity 
medium throu gh which the fluid fl ows. The central core in fi lter elements supports the 
fi lter medium and enables it to withstand hi gh pressure drops and hi gh fl ow rates. The 
effect of thi s support on the flow characteri sti cs in the fl ow field in the filter elements 
requires in vesti gati on. 
The compression and loss in fi ltration area phenomena needs to be rev isited through 
considering moving meshes. The permeability model developed in this work is an 
indirect method of determining the degree of compress ion and loss in filtration area. The 
schemes presented in thi s work are based on the fi xed Euleri an framework in which 
physical domain does not move. It may be necessary to consider the Arbitrary 
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Chapler 6 Conclusions and Recommendations for Future Work 
Lagrangian-Euleri an (A LE) framework in which the finite e lement mesh used In the 
simulati on is moved, in each time step, accordin g to a predetermined pattern . 
For the purposes of thi s work an engineering approach was adopted in whi ch the overa ll 
fl ow is uni fo rml y di stributed over the entire pleat surface. Therefore fluid velocity 
normal to the boundary was imposed at the inlet. In thi s report 2-D simulati ons results are 
presented and they show reasonable accuracy since the fl ow inside the filter is large ly 
normal to the surface of the canridge. Better 3-D simulati ons of the filtrati on process are 
desirable to produce more reali sti c results. 
The overall simulation package would be made up of the hydrodynamic and the mass 
transpon models. Incorporati on of a mass transpon model allows studies of pani cle 
migrati on and depos ition in cartridge fi lters more rea li sti ca ll y. It is necessary to mode l 
the rate of depos ition of pani cles on the filter medium surface as thi s affects th e pressure 
drop across the med ium . The software coul d be ex tended to studies of pollutant 
di spersion in water systems amongst other applicati ons. The so lution of the convecti ve 
di spersion equation would account for parti c le migrati on and depos ition. 
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Test 1 Experimental data of a the flat fibre glass permeable medium 
No. Flow rate (lit/min) Permeability (m") Pressure drop (bar) 
I. 0 .45 1.83E-12 0 .47 
2. 0.68 3. 13E- 12 0.6 1 
3. 09 1 1. 51E- 12 0.90 
4. 1.14 1.9 1E- 12 1. 13 
5. 1.36 1.6 1E- 12 1.39 
6. 1.59 I.IOE- 12 1.79 
7. 1.82 1. 83E-1 2 2.03 
8. 2.05 1.5 1E- 12 2.32 
9. 2.27 1.5SE- 12 2.59 
10. 2.50 1.I 8E-1 2 2.96 
11 . 2.73 8.77E- 13 3.46 
12. 2.96 1.9 1E-1 2 3 .69 
13. 3. 18 1.23E-1 2 4 .03 
14. 3.41 1.57E-1 2 4.3 1 
15. 3.64 I.37E-1 2 4 .63 
Continued on the next page 
I 
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Test 1 Experimental data of a the flat fibre glass permeable medium cont'd 
No. Flow rate (IiUmin) Permeability (m") Pressure drop (bar) 
16. 3.87 1.1 8E-12 5.00 
17 . 4.09 5. II E- 13 5.82 
18. 4 .32 I.04E- 12 6.24 
19. 4 .50 9.96 IE- 13 6.68 
20. 4.78 9.33E- 13 7. 15 
2 1. 5.00 7.76E- 13 7.69 
22. 5.23 9.74E- 13 8 14 
23. 5.46 9.74E-1 3 8.59 
24. 5.69 8.94E-1 3 9.08 
25. 5.9 1 79 IE- 13 9.6 1 
26. 6. 14 5.84E- 13 1036 
27. 6. 37 9.96E- 13 10.80 
28. 6.60 7.83E- 13 11 .36 
29. 6.82 I.3 IE-1 2 11 .68 
Appendix I Experimental and Simulation Datajor Filter Elemenrs 
Test 2 Zone 2 Permeability values for the of the flat fibreglass permeable 
medium 
Flow Permeability (m") Permeability (m") Permeability (m") 
No. Rate K= 8xlO 7 K= 2xlO - 11 K= 1.628x2xl0 - 11 
(lit/min) (t.P) 1.3168 (t.prO.2397 (t.prO.2397 
5. 1.36 1.42E- 12 I. 17E- 12 1.91E- 12 
6. 1.59 1.35E- 12 1.10E- 12 1.79E-12 
7. 1.82 1.30E- 12 1.07E-12 1.74E-1 2 
8. 2 .05 1.25E-1 2 1.03E-12 1.68E- 12 
9. 2.27 1.2 1 E- 12 1.01E- 12 I.64E- 12 
10. 2.50 I. I7E- 12 9.76E- 13 1.59E- 12 
11 . 2.73 1.1 4E- 12 9.40E- 13 1.53E-12 
12. 2.96 I.II E-1 2 9.26E- 13 1.5 1E- 12 
13. 3. 18 1.09E- 12 9.07E- 13 1.48E- 12 
14. 3.41 1.06E- 12 8.92E- 13 1.45E-12 
15. 3.64 1. 04E- 12 8.77E- 13 1.43E- 12 
16. 3.87 1.02E- 12 8.6 IE- 13 1.40E- 12 
17. 4.09 1.00E-12 8.30E- 13 1.35E- 12 
18. 4.32 9.86E- 13 8. 16E- I 3 1.33E- I 2 
19. 4.55 9.7 IE-13 8.03E-13 I.3 IE- 12 
20. 4.78 9.56E- 13 7.90E-13 1.29E- 12 
2 1. 5.00 9.42E-13 7.77E- 13 1.26E-12 
22. 5.23 9.29E- 13 7.66E-13 1.25E- I 2 
23. 546 9 17E- 13 7.56E-13 1.23E-12 
24. 5.69 9.04E-1 3 7.46E- I 3 1.21E- 12 
25. 5.9 1 8.94E- 13 7.36E- 13 1.20E- I 2 
26 . 6. 14 8.82E- 13 7.23E- I 3 1.1 8E- 12 
Appendix I Experimental and Simulation Data fo r Filter Elements 
Test 3 Experimental and Simulation data for the flat fibreglass permeable 
medium 
Experimental Simulated 
No. Velocity Pressure Permeability Pressure Permeability (rnIs) Drop (m 2) Drop (m 2) (bar) (bar) 
I. 0.0027 0.47 1.82E- 12 0.48 1.97E-1 2 
2. 0.0040 0.6 1 3. 13E- 12 0.66 1.97E-1 2 
3. 0.0054 0.90 1.51 E- 12 0.83 1.97E- 12 
4. 0.0067 1.1 3 1.90E- 12 1.06 1.97E- 12 
5. 0.0080 1.39 1.6 1E- 12 1.29 1.9 1E- 12 
6. 0.0094 1.79 1.09E- 12 1.69 1.79E- 12 
7. 0.0107 2.03 1. 82E-1 2 1.99 1.74E- 12 
8. 0.0 12 1 2.32 1.51E- 12 2.32 1.68E- 12 
9. 0.0134 2.59 1.55E-12 2.63 I.64E- 12 
10. 0.0 147 2.96 1. 18E- 12 2.99 1.59E- 12 
11. 0.0 16 1 3.46 8.75E- 13 3.47 1.53E- 12 
12. 0.0 174 3.69 1.90E- 12 3.73 1.5 1E- 12 
13. 0.0 188 4.03 1.23E- 12 4.09 1.48E- 12 
14. 0.020 1 4.3 1 1.56E- 12 4.28 1.45E- 12 
IS. 0.02 14 4.63 1.37E-1 2 4.64 1.43E- 12 
16. 0.0228 5.00 1.1 8E- 12 5.03 1.42E- 12 
17. 0.024 1 5.82 5. IOE- 13 5.76 1.35E- 12 
18. 0.0255 6.24 I. 04E- 12 6. 17 1.33E- 12 
19. 0.0268 6.68 9.95E- 13 6.6 1 1.3 1E- 12 
20. 0.028 1 7. 15 9.3 IE- 13 708 1.29E- 12 
2 1. 0.0295 7.69 7.75E-1 3 7.5 1 1.26E- 12 
22. 0.0308 8.1 4 9.nE-1 3 7.97 1.25E-1 2 
23. 0.032 1 8.59 9.nE- 13 8.44 1.23E-1 2 
24. 0.0335 908 8.93E- 13 8.90 1.2 1E- 12 
25. 0.0348 9.6 1 7.90E-1 3 9.37 1.20E- 12 
26. 0.0362 10.36 5.83E- 13 9.93 1.1 8E- 12 
27. 0.0375 10.80 9.95E- 13 10.78 1.04E-1 2 
28. 0.0388 11 36 78 IE-13 11.1 8 1.04E- 12 
29. 0.0402 11.68 1.3 1E- 12 11.55 1.04E- 12 
I 
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Test 4 Experimental and Simulation data for Filter Element A 
Simulated Permeability Simulated Pressure Experimental Pressure Drop with with 
No. Pressure Drop with Compression Compression % Loss % Drop (bar) Compression and Loss in from Flat in Area Compression 
PEXP Sheet Data (bar) Pc Area (bar) (m2) Kc 
PC+A 
I. 0.98 0. 32 0.98 1.97E·12 66.94 0 
2. 1.96 0.69 1.96 1.75E·12 65 .00 10.82 
3. 3.06 1.1 3 3.06 1.58E·12 63. 10 19.85 
4 . 4.2 1 1.63 4.2 1 1.46E·1 2 6 1.40 25.76 
5. 5.50 2. 14 5.50 1.37E·1 2 6 1.1 8 30.36 
6. 6.68 2.68 6.68 1.3 1E· 12 59.82 33.53 
7. 8.06 3.23 8.06 1.25E·1 2 59.95 36.46 
8. 9.34 3.82 9.34 I.2I E· 12 59.08 38.67 
9. 10.36 4.4 1 10.36 1.1 8E· 12 57.46 40.17 
10. 11 .58 5.52 11 .58 1.04E· 12 52.30 46.95 
11. 13.44 6.08 13.44 I.04E· 12 54.79 46.95 
12. 15.09 6.83 15.09 I.04E·1 2 54.77 46.95 
Test 5 Experimental and Simulation Data for Fi lter Element B 
Simulated Simulated Pressure Simulated Pressure Experimental with no Pressure Drop with % Loss 
No. Pressure Compression Drop with Compression in Area % Drop (bar) and Loss in Compression and Loss in Compression 
PExP Area (bar) P (bar) Pc Area (bar) 
P C+A 
I. 3.79 0.7 1 0.94 3.79 75.30 23.86 
2. 5.84 1.04 1.51 5.84 74.09 3 1.36 
3. 8.39 1.36 2. 17 8.39 74. 16 37.07 
4. 10.8 1 1.7 1 3.22 10.8 1 70.26 46.95 
5. 13.29 2.05 3.86 13.29 70.97 46.95 
6. 15.85 2.39 4.50 15.85 71.60 46.95 
7. 18.30 2.77 5.22 18.30 7 1.47 46.95 
Appendix I Experimental and Simulation Datafor Filter Elements 
Test 6 Experimental and Simulation Data for Filter Element C 
Simulated Simulated 
Experimental Pressure Simulated Pressure 
with no Pressure Drop with % Loss in Pressure % No. Drop (bar) Compression Drop with Compression Area Compression 
and Loss in Compression and Loss in PEXP Area (bar) P (bar) Pc Area (bar) 
PC+A 
I. 0.91 0.55 055 0.9 1 39.09 0 
2. 1. 88 1.09 1.2 1 1.88 35.42 9.93 
3. 2.9 1 1.62 1.99 2.9 1 3 1.45 18.88 
4. 3.98 2. 13 2.83 3.98 28.96 24 .75 
5. 5.20 2.63 3.72 5.20 28.44 29.42 
6. 6.45 3. 15 4.70 6.45 27. 10 32.97 
7. 7.67 3.62 5.64 7.67 26.5 1 35.70 
8. 8.93 4. 14 6.68 8.93 25. 18 38.00 
9. 9.94 4.73 7.82 9.94 21.30 3957 
10. 11.1 2 5.25 9.90 I 1.1 2 10.95 46.95 
11 . 12.92 5.85 11 .03 12.92 14.63 46.95 
12. 14.52 6.56 12.37 14.52 14.8 1 46.95 
Test 7 Experimental and Simulation Data for Filter Element D 
Simulated Simulated 
Experimental Pressure Simulated Pressure 
with no Pressure Drop with % Loss in Pressure % No. Drop (bar) Compression Drop with Compression Area Compression 
and Loss in Compression and Loss in PEXP Area (bar) P (bar) Pc Area (bar) 
PC+A 
I. 2.28 0.27 0.32 2.28 85.98 14.00 
2. 3A5 OAO 0.51 3A5 85.09 22. 13 
3. 4.98 0.53 0.75 4.98 84.96 28.69 
4. 6A I 0.66 0.98 6A I 84.72 32.87 
5. 7.98 0.78 1.22 7.98 84.68 36.3 1 
6. 9.65 0.9 1 1.49 9.65 84.53 39. 14 
7. 11.1 3 1.02 1.93 11.1 3 82.68 46.95 
8. 12.30 1.15 2.17 12.30 82.37 46.95 
9. 13.97 1.28 2A l 13.97 82.76 46.95 
10. 16.07 IA3 2.69 16.07 83.25 46.95 
11 17.77 1.58 2.98 17.77 83.26 46.95 
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Test 8 Experimental and Simulation Data for Filter Element E 
Simulated Simulated 
Experimental Pressure Simulated Pressure 
with no Pressure Drop with % Loss in Pressure % No. Drop (bar) Compression Drop with Compression Area Compression 
and Loss in Compression and Loss in 
P EXP Area (bar) P (bar) P c Area (bar) 
P C+A 
I. 4.09 1.68 2.25 4 .09 45.01 25.24 
2. 6.34 2A6 3.65 6.34 42.37 32.70 
3. 8.86 3.23 5.21 8.86 41.22 37.88 
4. 11 AI 3.99 7.52 11.41 34.10 46.95 
5. 14.50 4.79 9.02 14.50 37 .77 46.95 
6. 16.70 5.58 10.53 16.70 36.96 46.95 
7. 19.30 6A7 12.20 19.30 36.80 46.95 
Test 9 Experimental and Simulation Data for Filter Element F 
Simulated Simulated 
Expe"imental Pressure Simulated Pressure 
with no Pressure Drop with % Loss in Pressure % No. Drop (bar) Compression Drop with Compression Area Compression 
and Loss in Compression and Loss in PEXP Area (bar) P (bar) Pc Area (bar) 
P C+it 
I. 0.89 0.60 0.60 0.89 32.27 0 
2. 1.93 1.19 1.33 1.93 3 1.20 IOA9 
3. 3.05 1.76 2. 19 3.05 28. 17 19.79 
4. 4.19 2.3 1 3. 1 I 4.19 25.87 25.67 
5. 5.60 2.89 4. 16 5.60 25.68 30.66 
6. 6.94 3A6 5.26 6.94 24.24 34. 14 
7. 8.33 3.98 6.31 8.33 24.21 36.96 
8. 9.66 4.55 7A8 9.66 22.60 39.16 
9. 10 .8 1 5. 19 8.77 10.8 19 18.86 40.78 
10. 12 .17 5.77 10.88 12. 17 10.59 46.95 
11. 14.04 6.54 12.32 14.04 12.22 46.95 
12. 15.56 7.23 13.64 15.56 12.36 46.95 
I 
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Test 10 Experimental and Simulation Data for Filter Element G 
Simulated Simulated 
Experimental Pressure Simulated Pressure 
with no Pressure Drop with % Loss in Pressure % No. Drop (bar) Compression Drop with Compression Area Compression 
and Loss in Compression and Loss in 
PExP Area (bar) P (bar) Pc Area (bar) 
PC+A 
I. 2.29 0. /5 0./ 8 2.29 92./3 /4.09 
2. 4.56 0.3 / 0.42 4.56 90.79 27. /6 
3. 6.90 0.46 0.70 6.90 89.92 34.05 
4. 9.20 0.6 / 0.99 9.20 89.20 38.44 
5. // .80 0.76 1.44 /1. 80 87.79 46.95 
6. /4.30 0.92 1.73 /4.30 87 .9 / 46.95 
7. 15 .0 1 0.97 1. 82 15.0 1 87.86 46.95 
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HYDRODYNAMIC MODELLING OF PLEATED CARTRIDGE FILTER MEDIA 
W.R. Ruziwa, N.S. Hanspal, R.J. Wakeman and V. Nassehi 
Advanced Separation Technologies Group 
Department of Chemical Engineering 
Loughborough University, Loughborough, Leicestershire, LE11 3TU, UK 
ABSTRACT 
In this paper we present the progress of an ongoing research project aimed at 
simulation of high performance aeronautical filters. The cartridge filters used in 
aeronautical applications are geometrically complex and three-dimensional 
modelling may be required to obtain realistic results. Therefore , apart from 
satisfying the conditions of stability and accuracy the employed modelling 
strategy should be such that computing economy is achieved. Models for free 
and porous flow regimes have been developed using Galerkin Finite Element 
schemes which solve the Darcy and Stokes equations for shear thickening 
hydraulic fluids with appropriately chosen boundary conditions. CO continuous 
elements with equal order interpolations for velocity and pressure are used in 
conjunction with mixed formulation. To satisfy the Ladyzhenskaya-Babuska-
Brezzi stability condition a continuity equation that corresponds to slightly 
compressible fluids is used. In addition different time-stepping schemes such as 
the theta method, Taylor-Galerkin and Predictor-Corrector techniques have been 
utilised and the obtained results are compared. It is shown that the second order 
Taylor-Galerkin scheme offers a robust and accurate technique for the solution of 
governing equations of the described problem. The programming language used 
for the implementation of computer calculations is FORTRAN 90. The developed 
code has been validated using various geometries. 
Keywords: Pleated Cartridge, Aeronautical Filter, Finite Element Method, Taylor-
Galerkin Scheme, Darcy Equation , Computing Economy. 
INTRODUCTION 
Pleated cartridge filters find applications in many areas. These include the 
automotive industry, water treatment, chemical processing, air conditioning 
systems and clean environment technologies such as dust extractors and gas 
masks. Pleated cartridge filters are constructed using different materials such 
as nylon, fibreglass, antistatic material, polytetrafluoroethylene (PTFE), 
polypropylene, micro melt, carbon fibres, phenolic or epoxy resins, 
thermoplastics and speciality cellulose. The large surface area in a pleated 
cartridge increases the service life and efficiency of the filter in comparison 
with the convectional non-pleated cartridges under the same operating 
conditions. 
We describe the fluid dynamical behaviour in the free flow and porous flow 
domains within cartridge filters; governing equations for the individual 
domains should be linked using well posed mathematical formulations. It is 
well known that the finite element method cannot only readily cope with 
curved and geometrically complex domains but it has the flexibility to 
implement such linking of domains. The constructed models in this research 
are therefore based on finite element schemes. 
MATHEMATICAL MODEL 
A two-dimensional mathematical model , based on flow and constitutive 
equations is considered. This model can be readily extended to axisymmetric 
and three dimensional domains. 
Flow Model 
The filter system consists of a free flow region described by Stokes equations 
and the porous region described by the Darcy equation. For transient flow 
systems these equations can be represented by: 
Stokes Equations 
[
dv, dp d [2 dVJ d [(av,. dV,. )~ 
p Tt = - ax + dx 17 ax ~ + ay 17 ay + ax U 
l 
I av ,. ap a [ dV,.l d [(av,. dV' )~ p-=--+- 217-1 +- 17 -+-l at ay ay ay J ax ax ay U 
Darcy Equation 
[ pdV' +.!Lv + dp =0 at K . ' ax 
l ' 
I 
av,. 17 ap p-+-v +-=0 l dt K,." dy 
Continuity equation 
_ I _ ap + QV, + Qv y = 0 
pc/ at ax ay 
(1 ) 
(2) 
(3) 
where p is fluid density, v, and v,. are the components of the velocity vector, 
t is the time variable, 1) is fluid viscosity, Kx and Ky are the permeability 
components, p is pressure and c, is the speed of sound in the fluid . 
This slightly perturbed form of continuity equation has been used to satisfy the 
Ladyzhenskaya-Babuska-Brezzi stability condition in the used finite element 
discretization. This allows the utilization of equal order interpolation models 
for the velocity and pressure and hence significantly increases the flexibility of 
the developed solution scheme. 
Constitutive Equation 
The viscosity of the hydraulic fluid is updated through iterative loops in the 
solution algorithm using the power law model: 
1J=1Jo(rt' (4) 
where '1 is the fluid viscosity, '10 is the viscosity of the fluid at zero shear, r is 
the shear rate and n is the power law index. 
The shear rate is calculated as 
, 
dV . - dV uv ,. uv ,. -[ ( )' ( ")' ( " )'1' r = 2 d; + dY' + dX + 2 dy ~ (5) 
THE FINITE ELEMENT SOLUTION SCHEME 
The numerical scheme used in this work is the U-V-P method in which both 
velocity and pressure in the goveming equations are the primitive variables 
and they are discretized as unknowns. A domain 0 defined by a smooth 
continuous boundary I" is discretized into a mesh of finite elements so that 
III m 
IQ, = Q and I!, = ! (6) 
, 
where m is the total number of elements in the mesh. 
Nine-noded biquadratic CO continuous elements with equal order 
interpolations for velocity and pressure are used in present mixed formulation. 
In this scheme unknown variables are represented as 
, • • (7) 
v, = v, = I NI (x ,y)v" v, = v,. = I NI(x,y)v" p= p= I N, (x ,y ) p, 
}+' I ) .. 1 j", 1 
where Nj is the shape function associated with nodes j = 1, .. . ,k (k is the 
number of nodes per element). 
A similar scheme was used by Nassehi and Petera (1997) which was based 
on the non-standard Taylor-Hood elements. However, use of these elements 
are inconvenient in a combined free/porous flow system where at the interface 
between the regions the linking is rather crude. 
Solution algorithm 
The following steps outline the solution procedure: 
1. The entire domain of interest is discretized into a mesh of finite elements; 
2. Initial values of the pressure and velocity fields (mostly zero everywhere) 
are stored except at the inlet as input arrays; 
3. The flow equations are solved assuming constant density and viscosity 
and the velocity and the pressure are obtained; 
4. Step 3 is repeated until convergence is reached. Convergence is checked 
using a calculated ratio of the Euclidean norm (Lapidius and Pinder, 1982) 
between successive iterations to the norm of the solution via the following 
relationship: 
N ' L Ix ;" - x,l 
;:1 ~ E 
N 2 
L Ix ,' ''1 
(8) 
;=1 
where i is the number of iteration cycle, N is the total number of degrees of 
freedom and E is a pre-selected convergence tolerance value; 
5. The time variable is incremented by llt and the computations are repeated 
for the next time step; 
6. If the current time becomes greater than of a pre-determined final process 
time, the calculations are terminated otherwise steps 3. to 5. are repeated. 
RESULTS AND DISCUSSIONS 
A repetitive unit of the cartridge filter geometry was used in the simulations. It 
is the smallest unit not affected by the artificial boundary conditions imposed 
at the ends of section taken from a larger domain. The simulation of the 
repetitive unit is equivalent to the modelling of the whole 2-D domain and 
drastically reduces computational time (Ruziwa et ai, 2003). Figure 1 shows 
whole 2-D filter domain and the repetitive pleat sections. Due to the 
geometrical complexity of cartridge filters 3-~ simulations are desirable to 
produce realistic results. However, in this paper we present results for 2-D 
simulations which give reasonable accuracy since the flow inside the filter is 
largely normal to the surface of the cartridge. The first layer of elements on 
the outside of the repetitive unit represents the free flow region and the rest of 
the layers represent the porous region . 
Boundary Conditions 
Fluid velocity normal to the boundary is imposed at the inlet. v" is given as 
0.0059 ms·1 at the inlet (outside surface of the pleats). Along the artificial 
boundaries of the repetitive unit no slip conditions are applied on the first layer 
of elements at the inlet and zero normal velocity is imposed (note that the 
imposition of no slip conditions is incompatible with the Darcy equation) on the 
other elements. A zero pressure datum is imposed at the exit (inner free flow 
region). 
Computation Results 
The results in this paper were obtained using a Pentium IV processor on a 
personal desktop computer. The pre-processing and part of the post-
processing was done using Geostar® software supplied by the Structural 
Research & Analysis Corp and SUrier® software supplied by Golden Software, 
Inc. was also used for post-processing. A computer program was developed 
to carry out the computations and simulations. A batch oriented approach 
was employed in which the code and the grid generators were not connected 
through an interface. Part of the input data was prepared using the FEUT 
(Finite Element Utility Program) developed in-house and the Fortran program 
was run in a UNIX environment on a Sun E3500 processor (sun-cc211) . 
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Figure 1: Finite element meshes for the whole filter domain and the repetitive unit. 
Physical and Numerical Data 
A non-Newtonian fluid of density 970 kgm·3 with a consistency coefficient of 
80 kgm'l s' l and power law index of 1.10 was used to study the 
hydrodynamics in the pleated filter cartridge with permeability in both 
directions of 10.13 m2. A time step of 10.9 s was used in the simu lations. The 
input data corresponds to a hydrodynamic fluid used in aeronautical 
applications. The value of e used for the flow model is 0.75. 
Simulations obtained using the repetitive unit 
A computational grid with 2400 elements and 10101 nodes was used in the 
simulation . The pressure values indicated on the contours in Figures 2, 3 and 
4 are given in units of Pascals (Pa). The pressure plots in Figure 2 show 
decrease of pressure in the direction of the fluid flow, which is expected. The 
pressure drops across the middle sections of the regions ABIH and B'A'H'I' of 
the repetitive unit are about 120 MPa and 119 MPa respectively. 
The pressure profile in Figures 3 shows the expected higher pressure drop 
across the pleat bend, which corresponds to the high acceleration of the fluid . 
In Figure 3 the pressure drop in the middle section of the CDELKJ region of 
the repetitive unit is about 297 MPa. 
ABIH B'A'H'I' 
Figure 2: Pressure for the bottom left and right regions of the repetitive pleat. 
Figure 3: Pressure contour plot for region CDELKJ of the repetitive unit. 
Figure 4 shows the pressure profile for the region MNM'F'GF of the repetitive 
unit. The pressure decreases in the direction of the fluid flow, which is 
expected. The pressure drops (t:.P1 and t:.P2) across the region MNM'F'GF 
are 106 MPa. 
25000000~ 
Figure 4: Pressure contour plot for the region MNM'F'GF of the repetitive unit. 
CONCLUSIONS 
The developed weighted residual finite element mathematical model is 
capable of simulating the hydrodynamics in the free and porous flow regions 
of the filter. The boundary conditions imposed on the various pleat 
geometries show that they are appropriate and are working. The porous flow 
fields generated by this model can be compared with the model postulated by 
Beavers and Joseph (1967). The free flow fields obtained in the simulations 
show typical profiles (Bird et ai, 1960). The computational results obtained for 
the pleated filter cartridge show that the model accurately preserves the flow 
continuity in complexes flow domains. The introduction of slight 
compressibility in the continuity equation used in the scheme enhances the 
robustness of the scheme with more stability. Results from modelling of the 
complicated of cartridge filters shows applicability of model to irregular 
complex domains. The model is able to simulate flows of non-New1onian 
fluids under isothermal conditions. The model also takes into consideration 
different material properties of the domain under study, which makes it useful 
in wide range of applications. 
n 
Ni 
P 
p 
v,. 
Vx 
NOMENCLATURE 
Speed of sound in the fluid 
Permeability in the x direction 
Permeability in the y direction 
Power law index 
Elemental shape functionl weight function 
Pressure 
Interpolated form of pressure 
Interpolated form of the x component of the velocity vector 
Interpolated form of the y component of the velocity vector 
Velocity in the x direction 
Vy Velocity in the y direction 
Vn Fluid velocity normal to the boundary 
t Time variable 
11 Viscosity of the fluid 
Q Solution domain 
Q , Element domain 
p Fluid density 
T/o Consistency coefficient used in power law 
r Boundary of the solution domain 
re Elemental boundary 
e Time stepping parameter 
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COMPUTER MODELLING OF PLEATED CARTRIDGE FILTERS FOR VISCOUS 
FLUIDS 
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Abstract 
The primary aim of this study is to develop and validate a software package for the 
design of pleated cartridge filters for aeronautical applications. This package is 
intended to develop into a cos t effective, robust and reliable design tool to enable 
engineers to apprai se the operation of a filter. A 2-D computer code has been 
developed to simulate both Newtonian and non-Newtonian flows in the filter. The 
model is based on the flow and mass transport models described by the Continuity and 
Darcy equations and the Convective-Dispersion equation for the porous flow region. 
These equations are solved by the weighted residuals finite element method. First 
order Taylor-Galerkin and implicit () time-stepping schemes were applied for 
temporal discretization of the Darcy and the Convective-Dispersion equations, 
respect ively. The streamline upwinding Petrov-Galerkin technique was chosen for the 
solution of the Convective-Dispersion equation to overcome the numerical problems 
caused by high Peclet (convection dominated) transport. Preliminary numerical 
experiments were based on simple geometries and the domain complexity was 
increased in steps to examine the model flexibility in dealing with various si tuations. 
The overall model was validated against experimental data. Domain variables of 
interest are velocity, pressure and concentration profiles, which are obtained through 
the solution of the governing equations taking into consideration the changes in the 
rheological properties of fluids being filtered. 
Keywords: Modelling, Porous Flow, Deadend Filtration, Pleated Cartridge 
INTRODUCTION 
Higher quality filtration implies many aspects such as increasing the fineness of filtration 
(that is, greater filter efficiencies for the removal of smaller contaminants from the feed), 
increasing the dirt holding capacity of the cartridge, lower pressure losses and reducing direct 
filtration costs . Also the increasing interest is the design of filter cartridges that have a lower 
environmental impact through their use and reduced disposal costs. Faced with these 
requirements, design tools are needed to assess and evaluate alternative design configurations 
for spec ific applications. 
Pleated cartridge filters are used where contaminant concentrations in the feed are very low 
(typicaJly <1000 pp m) and when their size is of the order of 0.1 to 100 microns. The pleated 
nature of the medium provides a large surface area per unit vo lume of filter, whilst the 
composition of the medium tends to promote depth filtration. The relative contributions of 
surface and depth capture of the contaminants depends primarily on the size and shape of the 
pores of the medium relative to the size of the contaminant in the feed - hence any medium 
may act as either a cake filter or a depth filter, depending on the properties of the feed 
contaminants. The large surface area gives the pleated cartridge a longer service life and 
greater efficiency than non-pleated cartridges under the same operating conditions. During 
the filtration process, particles are captured by the porous medium, thereby lowering the 
permeability of the filter and increas ing the differential pressure across it , which in turn 
lowers the fluid throughput rate. Although a methodology for modeling flow in pleated 
cartridges has been attempted (Wakeman and Harris, 1993), its complexity has previously 
prevented development of a generic model. 
In thi s work, we modeJled a pleated cartridge filter to be used for filtering viscous fluids - the 
particular motivation for thi s was the filtration of hydraulic fluids used in aeronautical 
applications. This study uses a stage-by-stage approach by developing a model for each part 
of the filter assembly. Owing to the complexity of the problem it was necessary to divide the 
filter into three zones for modeJling. Zone I is the free flow region between the housing and 
the surface of cartridge (Figure I), zone 2 is the filter medium (a porous flow region), and 
zone 3 is the core flow region (which is also a free flow region). 
The high viscosity causes flow rates in the housing to be low even under high pressure 
gradients, which leads to a condition where close to the filter medium surface the flow of 
fluid is normal to the surface. The impurities are brought to the filter medium by the flow ; in 
the experimental tests simulated by this work, photo micrographs showed that most of the 
filtration occurred at the surface, causing an increase in the pressure drop across the filter. 
Along with the cake fi ltration taking place on the surface of the medium, the ex tent of depth 
filtration was observed to be small. 
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Free Flow 
Regions 
Porous Flow 
Region 
Figure 1: A typical cross-section of a pleated cartridge showing the three 
regions to be modelled. 
MATHEMATICAL MODEL 
Computer aided des ign of the carJridge filter is based on a set of governing parJial diffel"ential 
equations (POEs) that describe the flow fields, pressure fields and particle capture and 
migration within the filJer. The weighted residuals finite element method (WRFEM) is used 
to solve the govern ing POEs as it offers flexibility in coping wi th the complex filter geometry. 
An iterative finite element solution scheme was developed through the derivation of the 
appropriate system of transient working equations based on the Oarcy (Oarcy, 1856), 
continuity and convective-dispersion equations. CO continuous nine-noded biquadratic 
elements with equal order interpolations for velocities, pressures and concentrations are used 
in conjunction with the mixed formulation in the present finite element model. For temporal 
discretization a first order Taylor-Galerkin time-stepping scheme (Oonea, 1984) was used for 
the fl ow equations, whi lst for the mass transport equation an implicit-theta time-stepping 
scheme was employed. 
3 
Flow Model 
The present model comprises of the Darcy equation and a slightly perturbed continuity 
equation which are solved simultaneously (Nassehi, 2002). In a two-dimensional Cartesian 
co-ordinate system these equations are expressed in terms of velocity components as: 
(a) Darcyequation 
p_av_x + _TJ_ v + ap = 0 at K, x ax 
av ,. TJ ap 
P- ' + -v +-=0 at K,. Y ay 
(I) 
where p is fluid density, Vx and Vy are the components of the velocity vector, I is the time 
variable, '7 is fluid viscosity, K , and Ky are permeability in the x and y directions respectively 
and p is pressure. 
Cb) Continuity equation 
I ap av, av y 
---+-' +-- =0 
p c/ ar dx ay (2) 
where p is fluid density, Cs is the speed of sound in the fluid , p is pressure, I is time variable, 
Vx and V" are the components of the velocity vector. 
Constitutive Equation 
The viscosity of the hydraulic fluid IS updated through iterative loops in the solution 
algorithm using the power law model : 
(3) 
where,., is the fluid viscosity, "'0 is the viscosity of the fluid at zero shear, t is the shear rate 
and n is the power law index. In addition to the shear dependent variation of fluid viscosity 
within the filter medium, close to the surface of the filter medium the viscosity changes due to 
4 
the change of solids concentration during filtration. The followin g linear relation between 
relative viscosi ty of suspension and solids vo lume fraction gives the change of viscos ity: 
TT,=I+A<l> (4) 
where TT, is the rel ative viscosity of the carrying fluid to that of the suspension, A IS an 
empirical parameter and <l> is the solids volume fraction. 
Solids Transport Model 
Solids transport in dead-end fi ltration processes, as in the present case, is expressed by the 
following 2-D convective-dispersion equation: 
de + v de + v de = ~ D de + de D de 
dt x dX ! CJy dX x dX dY ) dy (5) 
where e is the concentration of contaminant in the fluid , I is time, v , and Vy are the 
components of the velocity vector, D, and Dj' are the di spersion coefficients in the x and y 
directions respecti vely. The retention of solids on the filter surface is assumed to be 100%. 
The development of the working equations and their method of so lution is described in the 
Appendix. 
RESULTS AND DISCUSSION 
In view of the complex ity of the cartridge geometry it is useful to investigate whether a 
repetitive unit can be found whose simulation is equi valent to the modelling of the whole 
domain. Figure 2 shows single pleat and double pleat sections. The whole domain (the entire 
cartridge) has also been modelled to ensure the accuracy of the choice of the repetiti ve unit. 
If a repeti ti ve unit could be found , it could in future be used routinely to speed up simulations 
required in the design of new filters. In this paper we show that the "two pleat domain" is the 
repetitive unit (i.e. it can be used to generate results representative of the whole domain 
(cartridge» . The "two pleat domain" is the smallest unit not affected by the artificial boundary 
conditions imposed at the ends of sections taken from a larger domain. It has a replica of a 
singe pleat unit within its geometry which is not affected by the artificial boundary conditions 
5 
which are required to be used in the simulations of a part of the whole domain. The results for 
a single pleat are also presented for the purposes of model validation. However, we note that 
in order to compare the single pleat results with simulations obtained for the whole domain 
the angle of curvature should be preserved in this geometry. 
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Figure 2: Finite element meshes used in the simulation. 
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The simulations were tested against experimental data obtained from a mUlti-pass test for 
hydraulic fluid power filters (ISO, 1998). In thi s test the feed rate is constant and the pressure 
rise with time is monitored. The simulation was therefore expected to be capable of 
predicting the pressure rise curve. 
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Boundary Conditions 
The known input conditions are the constant volumetric (mass) flow rate to the cartridge 
hous ing and the pressure at the exit of the inner tube. To prescribe these conditions directly 
requires modelling of combined flow and mass transfer through the free flowing regions of 
the filter housing and the porous media of the cartridge. This is not a trivial task and 
mathematical theory of such an approach is yet to be completed (Burman et ai, 2002; Lay ton 
et ai, 2003 ; Masud et ai, 2002). The authors are actively developing such anal ysis and will 
publish their results in subsequent papers. For the purposes of thi s work an engineering 
approach was adopted in which the overall flow is uniformly distributed over the entire pleat 
surface. Therefore fluid velocity normal to the boundary is imposed at the inlet. This means 
that v" is given as 0.0059 m S· I at the inlet (outer) surfaces of the pleats. Along the artificial 
boundaries of the single pleat and the repetitive unit zero normal velocity is imposed (note 
that the imposition of no slip conditions is incompatible with the Darcy equation). A zero 
pressure datum is imposed at the exit (inner free flow reg ion). 
Computational Results and Discussion 
The results in thi s paper were obtained using a Pentium IV processor on a personal computer. 
A computer code based on Fortran was developed to carry out the computations. Running of 
the program was carried out using a 'batch -oriented' approach in which the code and the grid 
generators were not connected through an interface. This enhances the flexibility of the 
model implementation because pre-processing can be done using a professionally written 
mesh generator package. 
Physical and Numerical Data 
A non-Newtonian fluid (AIR 3520) with a density 970 kg m·3, an unknown consistency 
coefficient and a power law index of 1.30 (evaluated from the available test data using the 
simulation) was used to take into account the shear thickening behaviour of the hydraulic 
fluid in an aeronautical filter. The permeability of the pleated filter cartridge in both the 
longitudinal and transverse directions was given as 10.7 m2 A time step of 20 s was used in 
the simulations. The value of the dispersion coefficient was chosen to be 0 .2 m2 S· I. For a 
low feed concentrati on a relatively high value for the dispersion coeffi cient gives a fairly 
uni form distribution of solids within the flowing suspension. The values of B used for the 
flow model and the so lid transport model are 0.75 and 0.95, respectivel y. 
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TIle experimental cartridge had 46 pleats, a non-woven medium and a total filtration area of 
0.021 8 nl . The volume flow rate fed to the cwtridge during the test was 78 litres min-'. The 
test dust used was Wl A3- ISO Medium Test Dust with a mean pwticle size of9 .7 fill1. 
Simulations obtained using a single pleat 
A computational grid with 1200 elements and 5061 nodes was used in tlti s simulation. The 
pressw'e plots in Figw'e 3 show the expected decrease of pressure in the direction of the fluid 
flow. The pressure drops across the ntiddle sections of the regions B'G' A'E' and EABG (see 
Figure 3) of the single pleat shown Figure 2 are 101 kPa and 104 kPa respectively. 
Figure 3 Pressure contour plots for the regions B'G'A'E' and EABG of the single pleat 
The pressw'e profile in Figure 4 shows the expected higher pressure drop across the outer 
bend of the pleat, which corresponds to the high acceleration of the fluid . The pressure drop 
in the ntiddle section of the pleat bend is 479 kPa. 
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Figure 4: Pressure contour plot for the region H'DHFCF' of the single pleat. 
Table I shows the mass balance data for a single pleat. Since the domain o f a single pleat is 
composed of cW'ved and straight regions, it is advisable to calculate the amount of mass 
t10wing through each distinct geometric region (see the identification of these regions in 
Figure 2), and then summing up all the values to obtain the cumulative amount of mass 
t10wing in or out of the single pleat domain. 
Table 1: Mass Balances for the Single Pleat. 
Region Massi" (kg) Masso., (kg) 
B'G' A'E' 2.5319966 x lO 3.61697876 xlO~ 
G'H'F'E' 1.1 x 10'· 1.1559324 X 10'£ 
H'DHFCF' 2.9896122 x IO-j 1.9177174 xlO-' 
FEGH 1.1 x IO-l 1.1186442 X 10-· 
EABG 2.5319966 x10-" 5.3643995 xlO"" 
Total 2.5496012 x IO-l 2.5561621 X IO-l 
Massjn - MassOUl x 100 = 0.26% 
Mass," 
Simulations obtained using the repetitive unit 
A computational grid with 2400 elements and 10101 nodes was used in this simulation. The 
pressw'e plots in Figure 5 show the expected decrease of pressw'e in the directiou of the fluid 
t1ow. The pressure drop across the middle sections of the regions ABIH and B' A'H'I' are 
102 kPa and 99 kPa respecti vel y. 
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ABIH B'A'HT 
Figure 5: Pressure for the bottom left and right regions of the repetitive unit. 
The pressure profile in Figures 6 shows the expected big her pressure drop across the pleat 
bend, which agaiu cOITesponds to a region where there is high acceleration of the fluid. In 
Figure 6, the pressure drop ill tJle middle section of the CDELKJ region of the repeti tive unit 
is 475 kPa. 
Figure 6: Pressure contour plot for region CDELKJ of the repetitive unit. 
Figure 7 shows the pressure profile for the region MNM'F'GF of tJle repetitive unit. The 
pressure decreases in tJle direction of tJJe fluid flow, which is expected. TIJe pressure drops 
(t.P I and L'iPZ) across tJJe region MNM'F'GF are 105 kPa. 
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Figure 7: Pressu re contour plot for the region MNM'F'GF of the repetitive unit. 
Table 2 shows the mass balance data for a repetitive unit. Since the repetitive wlit has curved 
and straight regions it is cOIlvenient to calculate mass flow through each region separately and 
add the values to give the total amount of mass going in and out of the unit. 
Table 2: Mass Balances for the Repetitive Unit. 
Regions Mass., (kg) Massou• (kg) 
ABIH 2.53 19966 xlO-" 3.6 1697876 x 10-" 
B'A'H'! ' 2.5319966 XW4 5.3643995 xlO" 
BOI 1.1 x IO-z 1.1559324 x IO-l 
C'B'I'], 1.1 x 10-- 1.1186442 x 10-< 
CDELKJ 2.9896122 x16'T 1.9177174 xlO-J 
E'D'C'J' lC 'L' 2.9896122 xlO-3 1.9177174 xlO-3 
EFML 1.1 x 10-2 1.1559324 x 10-2 
F'E'L'M' 1.1xlW 1.I559324 x 10-" 
MNM'F'GF 5.0639932 xl0" 8.9813783 xlO-4 
Total 5.0992023 x 10-2 5.1496124 x 10-2 
Mass" - Mass,,", 
x IOO=I % Massi ll 
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----------------------------------------------------------------------
The results obtained by the model were compared with experimental data. Table 3 shows the 
simulation results obtained from the repetitive unit calculations compared with the 
experimental results. 
Table 3: Comparisons of the SimUlated a nd Experimental Pressure Drop. 
Filter Test Time Experimental Data Simulated Data 
(minutes) 
44 500 kPa 473 kPa 
172 850 kPa 846 kPa 
26 1 1850 kPa 17 18 kPa 
389 5000 kPa 5665 kPa 
Figure 8 shows a graph of calculated differentIal pressure plotted agarnst time, showing the 
closeness of the experimental and simulation results. 
6000 
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-'" ~ -- simulated data 
" 4000 ... 
:: 
'" 
'" 
" ... 3000 
"" 
'" .= c 2000 
" ... ~ 
"""' i:S 1000 
0 
0 20 40 60 80 100 
Filter test time (min) 
• 
120 140 
Figure 8: Comparison of the Simulated and Experimental Pressure Drop. 
Symmetric Domain 
In order to validate the results obtained from the repetitive unit a computational grid for the 
46 pleat symmetric domain, with 4968 elements and 23 184 nodes, was llsed in a further 
simulation. The resolution of the mesh around each pleat is necessarily lower than in the two 
pleat simul ation so that computational time is not overly long; a greater error is therefore 
expected in this simulation. 
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A high pressure drop is de veloped at the outer curved boundary of the single individual pleat 
of the symmetri c domain . This is attributed to the significant rate of change of velocity over 
thi s curved boundary. The pressure drop decreases gradually in the direction of fl ow through 
the porous domain . The pressure drop developed across the top curved region of the pleat 
was found to be around 440 kPa, which is in close agreement with the value obtained with a 
single repetitive unit (see Table 4). 
The pressure vari ation over the bottom curved region of a typical indiv idual pleat in the 
symmetric domain is similar in pattern to that obtained wi th top curved region. The pressure 
values are decreasing towards zero in the direction of the fl ow. The pressure drop value is 
found to be around 100 kPa, which is in the vic inity of the value obtained with the single 
repetitive unit. 
The pressure drop across the straight region of the pleat was 125 kPa. 
In Table 4 it is seen that the pressure drop values fo r the repetiti ve unit and the overall 
symmetric domain match closely. This data indicates that the "two pleat domain" is 
representat ive of the overall cartridge 
Table 4: Comparison of results for a repetitive unit and the overall symmetric domain . 
Region Repetitive Unit Overall Domain 
(Llp in kPa) (Llp in kPa) 
Top Curved Region 479 440 
Straight Region 131 125 
Bottom Curved Region 104 99 
Pressure Drop Variation with Permeability 
The code developed to describe the hydrodynamic behaviour of flow through the cartri dge 
fil ter media has been checked using consistency coeffi cient to permeability (lJofK) quoti ents 
ranging from 107 to 10 12 kg m S- I . In Figure 9, the pressure drop across a cartridge is plotted 
against the quotient is shown. The relationship is seen to be almos t linear on the logarithmic 
scale with a slope of unity_ This is consistent with the Darcy model for porous flow which is 
used in the present simulations. 
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CONCLUSIONS 
A weighted residual finite element mathematical model has been developed and validated for 
filtration of viscous fluids in pleated filter cartridges. The model is able to describe dead-end 
filtration processes and is able to simulate flows of non-Newtonian fluids under isothermal 
conditions. The results obtained from the developed model are in close agreement with the 
experimental data. The introduction of slight compressibility into the continuity equation 
used in the scheme enhances the robustness of the scheme with more stability. 
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Figure 9: Effect of Permeability and Fluid Consistency Coefficient (l/oIK measured in 
kg m S·I) on Pressure Drop (measured in kPa). 
Results from modelling of the complex geometry of cartridge filters shows the applicability of 
flow and transport models to irregular complex domains. The model also takes into 
cons ideration different material properties (such as the filter medium) of the domain under 
study, which makes it useful in a wide range of applications. The results obtained for the 
repetiti ve unit effectively replicate the results obtained from the whole of the cartridge filter 
domain maintaining the symmetry. Modelling of the repetiti ve unit gives great benefits in a 
drastic reduction of computation time. 
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NOMENCLATURE 
c 
c 
c., 
Dx 
D l' 
dn,,' 
dil l' 
Kx 
Ky 
n 
N; 
N: , 
p 
p 
p 
v, 
v,. 
vy 
v" 
Concentration 
Interpolated fOlm of the concentration 
Speed of sound in the fluid 
Dispersion coefficient in the x direction 
Dispersion coeffi cient in they direction 
Component of the unit normal vector in the x direction 
Component of the unit normal vector in they direction 
Permeability in the x direction 
Permeability in they direction 
Power law index 
Elemental shape function/ weight functi on 
Upwinded weight function 
Pressure 
Interpolated form of pressure 
Normalised pressure 
x component of the veloc ity at prev ious time step 
Velocity found at a previous time step 
Interpolated form of the x component of the ve loc ity vector 
Interpolated form of they component of the veloc ity vec tor 
Velocity in the x directi on 
Velocity in they direction 
Fluid velocity normal to the boundary 
Time vari able 
Greek Symbols 
T\ Viscosity of the fluid 
n Solution domain 
n, 
p 
7]0 
r 
r 
A 
cl> 
r 
r, 
e 
Element domain 
Fluid density 
Consistency coefficient used in power law 
Upwinding parameter 
Shear Rate 
Empirical parameter fo r updating the fluid viscosity 
Solids volume fraction 
Boundary of the solution domain 
Elemental boundary 
Time stepping parameter 
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APPENDIX 
The Finite Element Solution Scheme 
A domain n defi ned by a smooth continuous boundary r is discretised into a mesh of finite 
elements so that: 
and (A I) 
where m is the total number of elements In the mesh. The unknown variables can be 
represented as: 
• • • 
v, = v, = I N,(x ,y)v" 
j - I 
• \/,.:: v,. = I Nj(x,y)v'i p = p =I N,(x, y)p, c =c = I N,(x,y)c, 
j . o 1:1 1 : 1 
(A2) 
where Nj is the shape functi on assoc iated with nodes } = I, ... ,k (k is the number of nodes per 
element). 
Flow Model Workillg Equatiolls 
The unknown variables in the flow model are normalised and defined as : 
p 
p = p' V=vx and V=Vy 
The fi nal working equations for the flow model are: 
[M' M'.' 'T I'" [' LI2 M 'j V j Lij 'J 'J 
: ~: ~I: ; :~ = ~f: 'J ." M .:2 L22 'J " 'J M 31 M ~2 L" 
'J 'J '1 J I} 
" 
where 
M;I = H N,N jdxdy+ HeLl' ; N,N jdxdy 
0 , 0,.( 
M I.' = 0 
" 
I3 l[ r r 11 ' [ I1 H~ L U C B 
Ll3 j v; lf +jdlf +jBJlf q~ll Pj lJ IlC] ~ IlB]IJ 
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(A3) 
(A4) 
(AS) 
(A6) 
M ." =- fSB!!.1 aN, N dxdy 
I) ax J 
n, 
M 2I =0 
" 
22 = ffNNdxdy+ fSBD.I~ N,Nj dxdy M , 'I pK 1 n), n, , 
M 2l =- ffB/:;1 aN, N .dxdy 
" ay ' n, 
aN 
M 31 = ffOt:.fC '. N - ' dxdy 
ij .f I ox 
n, 
aN 
M J2 = ffBD.lc' N . - ' dxdy 
I) s r ay 
n, 
M H = JJN N .dxdy IJ ' J 
0 , 
L:/ = Sf N ,N jdxdy - HO - B)111 : , N ,N ,dxdy 
n, n, 
L'2 =0 
" 
iJN 
L1.' = JJ(I- B)I'>I-' N jdxdy 
IJ dX 
0 , 
L21 = 0 
" 
L12 = jjN,N dxdy - ff(I - B)I'>I - Tl-N,N jdxdy 
'I 1 pK ,. 
Cl, il, 
L~ = HO- B)I'>I iJ~i N jdxdy 
0 , . 
aN 
L3I - jj(l- B)I'>IC 2 N. _ I dxdy 
I} - S I dX 
0 , 
L~i = ff N,N jdxdY 
0 , 
{B; }"'." = - jBI'>IN ,Pdn,dr, 
1'" 
{B; }""" = - JBI'>IN,Pdll ,. dr, 
Ij . 
(A7) 
(A8) 
(A9) 
(AID) 
(All ) 
(A I 2) 
(AI 3) 
(A 14) 
(A 15) 
I 
(A I 6) I 
(A 17) I 
(A I S) 
(A 19) 
(A20) 
I 
(A2 1) 
I 
(A22) I 
(A23) I 
(A24) 
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{B; ]'&1' = 0 
{c; Y =- J(I- O)t.rN,Pdll,dl , 
r,; 
{en' =- f(i - 8)t.rN)5dll ,dl, 
," , 
{c; Y = 0 
Working Equation representing solids tra/lsport 
The final working equation for the transport model is 
where 
II . II ' [ . dN j • dN j 1 M ij = N , N j dxdy + 8f1.rN, v., -a- + Vy -iJ-1 dxdy 
n, n, er y j 
[ 
iJN" iJN . iJN" iJN 1 
+ H8f1.r Dx-' - ' + Dy --' - ' \ dxdy 
n, dX iJx dy dy J 
[ 
dN ' iJN iJN' dN 1 
+ H (' - 8 )fl.t D,-' - ' + D .-' - J\dxdy 
n, dX dX ,. dy iJy J 
{ } "Hlli f . de f . de Bj ' = 8!1tDs N, -dn,df x + B!11D ,.N, -dn,.dr,. 
r dX r ' ay . . 
I }s f() • de f() • ae le ; = 1- 8 !1tD,N, - dn,drx + I-B !1tD ,.N,-dn .dr . ax . ay ) ) 
r r " 
N; is the upwi nding weight function which is written as: 
N = N. + v -' + v -' , {aN aN) 
, , s ax Y ay 
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(A25) 
(A26) 
(A27) 
(A28) 
(A29) 
(A30) 
(A3 1) 
(A32) 
CA33) 
(A34) 
where r is an upwinding parameter with a value between 0 and l. 
Solution algorithm 
The numeri cal scheme used in this work is the U-V-P method in which both velocity and 
pressure in the governing equations are the primitive variables and they are discretized as 
unknowns. It is imperative in U-V-P schemes to satisfy the Ladyzhenskaya-Babuska-Brezz i 
(LBB) stability condition which arises owing to the absence of the pressure term in the 
incompress ible continuity equation. In the present work a slight compress ibility is introduced 
in the continuity equation in order to stab ilise the scheme. The fo llowing steps outline the 
so lution procedure: 
I . The enti re domain of interest is di screti zed into a mesh of finite elements; 
2. Initial values of the pressure and velocity fields (mostl y zero everyw here) are stored 
except at the inlet as input arrays; 
3. The flow equations are solved assuming constant density and viscosity and the 
velocity and the pressure are obtained; 
4. Step 3 is iterated until convergence is reached. Convergence is checked us ing a 
calcul ated rati o of the Euclidean norm (Lapidius and Pinder, 1982) between 
success ive iterations to the norm of the solution via the fo ll owing relationshi p: 
(A35) 
where i is the nu mber of iteration cycle, N is the total number of degrees of freedom 
and £ is a pre-selected convergence tolerance value; 
5 . The convective-d ispersion equation is solved using the converged velocity field ; 
6. Using the calculated concentration values the suspension properties (density and 
viscosity) are updated via empirical relationships; 
7. The time variable is incremented by 6.1 and the computations are repeated for the nex t 
time step; 
8. If the current time becomes greater than that of a pre-determined final process time, 
the calcul ations are terminated. Otherwise Steps 3 to 7 are repeated. 
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TRANSACTIONS OF THE FILTRA TIONS SOCIETY 
Referee 's Report 
Manuscript No: T/03/17 Review Due: 20/07/03 
Referee reference: A 
Publications 
Return by fax (+44 (0) 1509223923), mail or email (mai lto: e.s. tarieton@lboro.ac.uk) 
[s the subject matter of the paper a new and ori ginal contributi on? YES 
Does the paper contain material that mi ght well be omitted? YES 
(If so please not e detail s under COMMENTS) 
Is the subject matter clearly presented and well organi sed? YES 
Is the English sati sfactory? YES 
Suggested improvement 
The title could better describe contents of paper 
The abstract could be more informati ve 
Unnecessary FigureslTables, note which: 
Comment 
NA 
NA 
Add/remove references, note which Related work has been done by Lessman, 
Brown, Raber and others and is not 
referenced 
Recommendation 
Acceptable in present form 
Requires minor revision 
Requires major revision 
Reject 
Comment 
To be truly useful , needs to consider the structure of the 
media, i.e., porosit y, fiber diameter, thickness, pore 
di stribution andlor other physical properties of the media. By 
using permeability, thi s was avoided, but it limits the values 
of the model. The limitations of this model could also be 
more explicitl y described. 
Please add any additi onal or general comments on the next page . 
Dr SIeve Tarleton, Editor, Advanced Separation Technologies Group, Department of Chemical 
Engi neering, Loughborough University, Loughborough, Leicestershire. LE II 3TU, UK 
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TRANSACTIONS OF THE FILTRATIONS SOCIETY 
Manuscript No : T/03/17 
Referee reference: B 
Referee's Report 
Is the subject matter of the paper a new and original contribution? YES 
Does the paper contain materi al that might well be omitted? NO 
Is the subject matter clearl y presented and well organised? YES 
Is the Engli sh satisfactory? YES 
Suggested improvement 
The title better describe contents of paper: 
The titl e claims the design of pleated cartridge filters, but it rather represents 
the numerical calculations of a spec ific configuration. The title therefore 
promises too much compared to what the reader gets fro m the paper. 
Recommendation 
Requires minor rev ision 
See General Comments 
General Comments 
• The authors are talking about h.igh viscosity fluids: What is high? The reader 
expects at least range for 110. 
• There is a contradiction between the abstract and page 3: The abstract says: 
The Taylor-Galerkin and e time-STepping meThods are applied f or Temporal 
discretizaTion. Page 3 says: .. . the mass transporT equaTion an implicit-th.era 
time-stepping scheme was employed. 
• Page 2 says: MosT pleated carTridges are reusable . This is onl y valid for 
certain applications. Most cartridges in air and oil filt ration build up from non-
wovens are not reusable 
• Page 3 says: ... PDEs that sil1lulate ... PDEs don't simulate. They describe the 
flow field and the pressure fi eld. 
• Page 5: It should be stated more clearl y why the two pleat domain is the 
repetiti ve unit. lust considering the hi ghly symmetri c geometry of a cartridge 
it would be obvious to take the single pleat as the repetitive unit. 
• Page 6: Are the authors sure that it is correct to give the boundary conditions 
at the surface of the pleats? The veloc ities normal to the surface of the pleats 
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should be as a result from the overall volume flow distribution and the 
pressure drops across the filter medium. 
• Page 7 says: A computer program was developed to carry out the 
computations. What kind of program? 
• Page 8 -1 1: The tables for the mass balance are given, but it does not become 
clear how the filtration itself is included in the model. How are retention 
efficiencies treated? 
• Page 11 , Table 3: Time step is irritating since the expression time step is 
widely used in numerical simulations. Further the text says on page 7 that a 
time step of 20s was used in the simulations. And the x-ax is in figure 8 is 
labelled with time. Here are some inconsistencies. 
• Overall the paper is not written as careful as it could be. There are some 
mistakes in grammar and spelling and some inconsistencies as mentioned 
above. 
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Revi sion of Paper (T/03/17) submitted to the Transactions of Filtration 
Society 
COMPUTER MODELLING OF PLEATED CARTRIDGE FILTERS FOR 
VISCOUS FLUIDS 
W.R. Ruziwa, N. S. Hanspal , A.N. Waghode, V. Nassehi and R.J. Wakeman 
Advanced Separation Technologies Group, 
Department of Chemical Engineering 
Loughborough University, Loughborough, Leicestershire, LEII 3TU, UK 
J. ReJeree' s Comment 
The authors are talking about high viscosity fluids: What is high? The reader expects 
at least range for 110. 
Authors ' re;jJonse 
The titl e has been changed and now refers to viscous fluids not high viscosity fluids. 
The sentence in the second paragraph on Page 3 was also changed and it now reads, 
' ... tn this work , we modelled a pleated cartridge filter to be used for filtering viscous 
fluids .. . ' 
On page 14 in the firs t paragraph was changed to read ' ... A weighted residual finite 
e lement mathematical model has been developed and validated for filtration of 
viscollsfluids in pleated filter cartridges ... ' 
2. Referee 's Comment 
There is Cl contradiction between the abstract and page 3: The abstract says: The 
Taylor-Galerkin and e time-stepping methods are appl ied for temporal di scretization. 
Page 3 says: ... the mass transport equation an implicit-theta time-stepping scheme 
was employed. 
Authors ' response 
The sentence in the abstract was rephrased to First order Taylor-Galerkin and 
implicit e time-stepping schemes were applied Jor temporal discretization oJ the 
Darcy and the Convective-Dispersion equatiolls, respectively ... ' 
3. Referee 's Comment 
Page 2 says: Most pleated cartridges are reusable. This is on ly valid for certain 
applications. Most cartridges in air and oi l filtration build up from non-wovens are not 
reusable 
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Authors' response 
This sentence was removed since it didn ' t affect the value of the paper 
4. Referee's Comment 
Page 3 says: ... PDEs that simulate ... PDEs don't simulate. They describe the flow 
field and the pressure fi eld. 
Authors' response 
The word simulate was changed to describe. 
5. Referee' s Comment 
Page 5: It should be stated more clearly why the two pleat domain is the repetitive 
unit. Just considering the highly symmetric geometry of a cartridge it would be 
obvious to take the single pleat as the repetitive unit. 
Authors ' response 
On Page 5 the following sentence was added: .... It has a replica of a singe pleat unit 
within its geometry which is not affected by the artificial boundary conditions which 
are required to be used in the simulati ons of a part of the whole domain ... ' 
6. Referee' s Comment 
Page 6: Are the authors sure that it is correct to give the boundary conditions at the 
surface of the pleats? The velocities normal to the surface of the pleats should be as a 
result from the overall volume fl ow di stribution and the pressure drops across the 
filter medium. 
Authors' response 
The explanation for the imposition of boundary conditions is given in the first 
paragraph on Page 7 together with some informati on on references sought in the 
study. The followin g ex tract forms part of the explanation: . .. . The known input 
conditions are the constant volumetric (mass) flow rate to the cartridge housing and 
the pressure at the ex it of the inner tube. To prescribe these conditions directly 
requires modelling of combined fl ow and mass transfer through the free flowing 
regions of the filter housing and the porous media of the cartridge. This is not a trivial 
tas k and mathematical theory of such an approach is yet to be completed (B UIman et 
ai, 2002; Lay ton et ai, 2003; Masud et ai, 2002). The authors are actively developing 
such analysis and will publish their results in subsequent papers. For the purposes of 
thi s wo rk an engineering approach was adopted in which the overall flow is uniforml y 
distributed over the entire pleat surface. Therefore fluid veloci ty normal to the 
boundary is imposed at the inlet . . . ' 
7. Referee's Comment 
Page 7 says: A computer program was developed 10 carry out the compulations. What 
kind of program? 
II 
Appendix 11 Publications 
Authors ' response 
This sentence was changed to ' ... A computer code based 011 Fortran was developed 
to carry out the compulatiol1s .. ' ' 
8. Referee's Comment 
Page 8 -11: The tables for the mass balance are given, but it does not become clear 
how the filtration itself is included in the model. How are retention efficiencies 
treated? 
Authors ' response 
On Page 5 the following sentence was added in the Solids Transport Model section: 
The retention of solids on the filter sUllace is assumed to be J 00%. 
9. Referee's Comment 
Page 11 , Table 3: Time step is irritating since the expression time step is widely used 
in numerical simulations. Further the text says on page 7 that a time step of 20s was 
used in the simulations. And the x-axis in figure 8 is labelled with time. Here are 
some inconsistencies. 
Authors' response 
On Page I1 the phrase time step in Table 3 and x-ax is label in Figure 8 was changed 
to Filter Test Time (minutes) 
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ABSTRACT 
In this paper, we present the solution of the Darcy equation for porous fl ow through 
aeronautical pleated cartridge filters. A two-dimensional model consisting of Darcy and 
continuity equations is solved using the weighted residuals Finite Element Method. CO 
continuous e lements with equal order interpolations for velocity and pressure are used . To 
ensure the stability of this scheme the governing continuity equati on in the present model is 
perturbed to represent a slightly compressible flui d. This simple modification of the 
continuity equati on is shown to satisfy the Ladyzhenskaya-Babuska-Brezzi stability 
condition. The time stepping scheme in this model is based on a first order Taylor-Galerkin 
approach which offers a robust and accurate teChnique for the solution of the transient fl ow in 
the filter domain. Our preliminary results have been obtained for the flow of suspensions 
following the power law model with indices in the ranges 0.85 S 11 < 1.0 & 1.0 S n < 1.1 5. 
Keywords: Darcy Equation, Continuity Equat ion, Porous Media, non-Newtonian Flu ids, 
Finite Element Method 
INTRODUCTION 
Fluid flow in porous domains is a phenomenon of great interest from both applications and 
theoretical points of view. It finds applications in many branches of engineering, including 
soil mechanics, biomechanics, petroleum industry, chemical engineering and materia] 
science, amongst others. In this article we presen t the progress of an ongoing research project 
aimed at simulation of high performance aeronautical filters. The study of flow in porous 
domains is a daunting task and most studies are based almost entirely on empirica l 
approaches. Although a methOdology for modelling flow in pleated cartridges has been 
attempted [ I] , its complexity has previously prevented development of a generic model. The 
Darcy and conti nuity equations govem the fluid motion though porous media. The Darcy law 
is valid when Reynolds number values are small and the inertial effects are negligible. 
Computational methods and technologies allow modelling and simulation of various 
phenomena in porous media. The most commonly employed methods are the Finite Element 
Method (FEM), the Finite Difference Method (FDM) and the Finite Volume Method (FVM). 
Cordes et al ( 1992) [2] discusses the FEM, Goode (1990) [3] presents FDM and Das (2002) 
[4) employs the FVM. The FEM was chosen to simulate the flow through various porous 
domains because of its ability to cope with complex geometries. The goal is to obtain a stable 
and accurate model based on simple and straightforward boundary conditions with equal 
order interpolation for velocity and pressure. 
MATHEMATICAL MODEL 
The physical phenomena in the porous flow region are described by appropriate governing 
equations and boundary conditions. The momentum and mass conservation equations for 
transient, incompressible. laminar flow where the gravitational body force is negligible are 
used to describe the fluid flow in the porous domains. In 2-D Cartesian coordinate systems 
these equations can be represented by: 
(a) The Darcy Equation - a momentum conservation expression 
1 
av " ap p-' +-"-v +-~O 
al K,' ax 
av, 1/ ap p-+-v +-~O 
al K,' ay 
(b) The Continuity equation- a mass conservation expression 
(I J 
[2J 
where p is fluid density, v, and " are the components of the velocity vector, I is the time 
variable, 1/ is fluid viscosity, Kx and Ky are the permeability components, p is pressure and 
e, is the speed of sound in the fluid . 
In order to satisfy the Ladyzhenskaya-Babuska- Brezzi stability condition a slightly penurbed 
form of continuity equation that corresponds to slightly compressible fluids is used [5]. This 
allows the utilization of equal order interpolation models for the velocity and pressure and 
hence significantly increases the flexibility of the developed solution scheme. 
COllslilulive Equalioll 
The fluid being used is assumed to behave as a generalized Newtonian fluid and its viscosity 
is updated through iterative loops in the solution algorithm using the power law model, 
[3J 
where '/ is the fluid viscosity, '10 is the viscosity of the fluid at zero shear, r is the shear rate 
and 11 is the power law index . 
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DEVELOPMENT OF THE FINITE ELEMENT SOLUTION SCHEME 
A U-V-P scheme in which both velocity and pressure in the governing equations are the 
primjtive variables are discretized as unknowns in this work. The development of the 
woriUng equatjons has been reported previously ([6], [7], [8]) and only a brief overview js 
outlined here. The novel aspect of this work is the development of a generic flow model for 
modelling of flow in pleated cartridges. A domain n defined by a smooth continuous 
boundary r is discreti zed into a mesh of nine-noded biquadratic CO continuous finite elements 
so that 
and [4] 
where m is the total number of elements in the mesh. 
Equal order interpolations for velocity and press ure are used in the nUxed formulation. The 
interpolated forms of the field unknowns are represented as 
, 
p, ~ ii, = L,Nj(x,Y)P j j 
[5] 
where Nj is the shape function associated with nodes } = I, . . . ,k (k is the number of nodes per 
element). 
A FORTRAN code has been written in order to solve the final set of transient woriUng 
equations and the structure of the code is illustrated in Figure I the form of a solution 
algorithm. 
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Computational Results and Discussions 
The programming language used for the im plementation of computer calcu lat ions is 
FORTRAN. The results in this paper were obtained using a Pentium IV processor on a 
perso nal desktop computer. A batch-oriented approach was employed in wh.ich the code and 
the grid generators were not connected through an interface. 
Figure 2 shows the whole filter domain and a repetitive unit showing its pleat secli ons. A 
repet iti ve unit, whose simulation is equi valent to the modelling of the whole filter domain , 
was used in the simulations to reduce computati onal time. 
',' 
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B'A'HT 
Figure 2: Fini te element meshes for the whole filter domain and the repetitive unit. 
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Computational Mesh 
The computational mesh used in the simul ations for the repetiti ve unit consists of 2400 
elements with 10 I 0 I nodes. CO continuous nine - noded biquadratic Lagrange type fi nite 
elements were employed for mesh generation. 
Boundary Conditions 
The governing equations describing the filter model can only be solved by the imposition of 
suitable boundary conditions. The inlet and the exit boundaries of the pleat are the outer and 
the inner surfaces respecti vely. The arti fic ial boundaries are created along the ends of 
sections of the repetitive unit taken from a whole fi ller domain. At the inlet fluid velocity 
normal 10 the boundary, V"' is given as 0.59 ms' which is based on the volu metric fl ow rate 
being fed to the cartridge housing. Along the artificial boundaries of the repetiti ve unit zero 
normal velocity is imposed (note that the imposition of no slip conditi ons is incompati ble 
with the Darcy equation) on the other elements. A zero pressure datum is imposed at the exit. 
Physical data 
The physical propenies of the flui ds, material propenies and the numerical data used in the 
simul ations is presented in Table I below. Both shear thiCkening and shear thinning fluids 
have been used in the simulations with power law indices ranging between 1.0- 1. 15 and 0.85-
1.0 respecti vely. 
TABLE I 
SNo. Property Notation Value 
I Density p 970 kg mO, 
2 Viscosity 17 80.0 kg m- s' 
3 Permeability (x direction) K, 10'" m' 
4 Permeability (y direction) K, 10'" m L 
5 Power Law Index n 0.85-1.15 
5 Time Step "'t 20.0 sec 
6 
Computation Results 
Fi gure 3 shows the pressure contour for the double pleat repetitive unit. Thi s simulated 
pressure contour corresponds to a power law index of 1.1 5. It is cl early observed that a 
pressure gradient exi sts across the entire pleat and this drop is prominent across the topmost 
zones of t he unit. 
Figure 3: Simulated Pressure Contour for the entire repetitive unit 
For closer inspect.ion of the hydrodynami cs pertaining to the repetitive unit , the entire unit is 
split up into iliHerent zones as illustrated in Figure 2 and the magnified vi ew of the profil es is 
presented. 
To illustrat e the behaviour of non-Newtonian shear-thi ckening and shear-t hinning nuids on 
n ow hydrodynamics, we have chosen the top most zone, i.e. CDELKJ for convenience. The 
pressure drop is prominent and clearly visible across this zone as compared to the other zones 
ouLlined in Figure 2 and serves the purpose for sake of comparisons. 
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Fi~ 4(a) : n = 1.15 Fi ~ 4(b) : n = 1.10 
Fi~4Ic.)· n = 1 n~ 
Figure 4 : Simulated Pressure Contours for Shear-thickening nuids, zone CDELKJ 
TABLE 2 
Pressure drops and Power law indices for Figures 4(a), 4(b) and 4(c) 
SNo. Figure No. Pressure Drop AP Power Law Index n 
(kPa) 
I 4(a) 997.352 1.1 5 
2 4(b) 813.248 1.10 
3 4(c) 683.478 1.05 
In Figure 4 pressure plots for the topmost part of the pleat geometry are presented. The 
simulated pressure plots are obtained for shear-thickening fl uids. The simulated pressure drop 
figures for different power law indices are presented in Table 2. The figures obtained are for 
the fifth time step. It is observed that as the power law index increases from 1.05-1.1 5 there is 
a ri se in the simulated pressure drop value, which can be attributed to the shear thickening 
effect. 
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Fig 5(a) : n = 0.95 Fig 5(a) : n = 0.90 
Fig 5(c) : n = 0.85 
Figure 5: Simulated Pressure Contours for Shear-thinning lluid~, zone CDELKJ 
TABLE 3 
Pressure drops a nd Power law indices for Figures Sea), S(b) and S(e) 
SNo. Figure No. Pressure Drop AP Power Law Index n 
(kPa) 
I 5(a) 461.258 0.95 
2 5(b) 380.470 0.90 
3 5(c) 306.037 0.85 
Figure 5 presents the plots for shear thinning Iluids. It is observed that as the power law index 
decreases the drop in pressure al so reduces, Table 3. Compared with Table 2 all the press ure 
drop figures enli sted in Table 3 are smaller, showing that there is a higher pressure drop for 
shear thickening lluids. Further, it is also observed that that the pressure gradient across the 
top most zones CDELKJ and E' D'C' J'K'L' is of nearly the same value, indicating the 
symmetrical nature of the calculations. This can be attributed to the symmetrical geometry of 
pleats in the fiJter. 
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Fig 6(a) : n = 1.15 Fig 6(b) : n = 1.10 
Fig 6(c) : n = 1.05 
Figure 6: Simulated Pressure Contours for Shear-t hickening Ouids, zone MNM'F'GF 
TABLE 4 
Pressure drops and Power law indices for Figures 6(a), 6(b) and 6(c) 
SNo. Figure No. Pressure Drop .1P Power Law Index n 
(kPa) 
I 6(a) 260.551 1.1 5 
2 6(b) 214.856 1.10 
3 6(c) 182.425 1.05 
A similar pressure gradient can be observed in the botlom most part MNM 'F'GF of the pleat 
as shown in Fi gure 6. The simulated pressu re plots in Figure 6 arc for shear-thickening fl uids 
with the pressure drop figures enlisted in Table 4. It is again observed that as the power law 
index increases the drop in pressure also increases. 
10 
I , 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
\ 
I 
I 
Fig 7(a) : n = 0.95 Fig 7(b) : n = 0.90 
Fig 7(c) : n = 0.85 
Figure 7 : Simulated Pressu re Contours ror Shear -thinning fluids, zone M1\'M ' F'GF 
TABLE 5 
Pressure drops and Power law indices for Figures 7(a ), 7(b) and 7(c) 
SNo. Figure No. Pressure Drop .1.P Power Law Index n 
(kPa) 
I 7(a) 143.217 0.95 
2 7(b) 123. 11 2 0.90 
3 7(c) 98.892 0.85 
The simulated pressure plot s in Figure 7 are ror shear-lhinning fluids with the pressure drop 
figures enlisted in Table 5. It is observed that as the power law index decreases the drop in 
pressure also decreases. 
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Fi gurcs 8, 9 , and 10 present the velocity vector plots for Ilow of a non-Newtonian fluid 
througb the repeti tive unit. 
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Figure 8(a) : Velocity Vectors 
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Figure 8(b) : Velocity Vectors 
Zone S ' A' H' I' 
[n fi gures 8(a) and 8(b) the velocity vector profil es for zones AB[H and B' A'H'l' have been 
presented. It is observed that there is significant reduction in the velocity from the inlet to 
outl et. Thi s is at tribuled 10 the significant increase in cross sectional area at the outlet. 
Figure 9: Velocity Vectors, Zone C DELKJ 
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Figure 9 presenLs the now Lhrough the zone CDELKJ of the repetiL ive unit. IL is observed thaL 
as the cross scctional arca decrcascs Lhere is an increase in the velocity value aL the exit. 
Figurc 10, on the other hand, shows the dccrease in velocity due to increased cross sectional 
area at the bOLLom part of the filler repetitive unit 
Figure 1 I illust rates the variation of press ure drop with time for different power law indices, 
i.e. both shear thickening and shear thinning iluids. The value of pressure in each case 
gradually rises from zero since the nuid is assumed LO be sLaLionary at the now start-up. IL is 
observed that for shear Lhickening iluids as the time increases there is a rise in the pressure 
drop. Also, at any given time, the pressure drop for shear thickening fluids is a lways higher 
than LhaL of shcar thinning ones . The higher thc power law index the more is the pressure 
drop and vice vcrsa. 
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Figure II : Pressure Drop versus Time curve for different power law indices 
During ilow start up of a stationary fluid, Zone CDELKJ 
CONCLUSIONS 
Hydrodynamics of Jlow through porous media has been simulated using weighted residuals 
finite element method. The developed scheme is based on a Slightly perturbed continuity 
equation which ensures the stability of the numeri cal scheme. The scheme has been tested for 
both shear thickening and shear- thinning Iluids under isothermal conditions. An actual 
pleated cartridge filter geometry has been employed for the simulations. Results indicate that 
Lhe scheme can readily cope up with curved geometry of varying complexities. A judiCiOUS 
selection of repetitive unit for cartridge filL ers enhances the computational economy of the 
simulations performed. 
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NOMENCLATURE 
c, 
tI 
p 
p 
v,. 
Speed of sound in the fluid 
Permeability in the x direction 
Permeability in the y direction 
Power law index 
Elemental shape function! weight function 
Pressure 
Interpolated form of pressure 
Interpolated form of the x component of the velocity vector 
Interpolated form of the y component of the velocity vector 
Velocity in the x direction 
Velocity in the y direction 
Fluid velocity normal to the boundary 
Time variable 
Greek Symbols 
'I 
Q 
p 
170 
t 
r 
r, 
o 
Viscosity of the fluid 
Solution domain 
Element domain 
Fluid density 
Consistency coefficient used in power law 
Shear Rate 
Boundary of the solution domain 
Elemental boundary 
Time stepping parameter 
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Abstract 
This paper deals with the simulation of solids concentration profiles in cartridge filters by the finite element 
method. This work contributes towards the designing of high performance aeronautical filters. Pleated cartridges 
are also used extensively in automotive, water treatment, process engineering, air conditioni ng systems and clean 
environment technologies such as dust extractors and gas masks. The developed simulation package is a 
general purpose soHware and can also be used for the analysis and design of equipment in these areas. 
However, in the present study we aim to build a application specific model for a high pressure aircraft filter which 
protects all the hydraulic components. The developed model can then be used to simulate the flow fields, 
pressure fields and particle migration within the fil fer. The overall modef consists of flow and mass transport 
modules which are described by the continuity, Stokes and Darcy equations and the convective dispersion 
equation respectively, with appropriately chosen boundary conditions. The continuity equation is perturbed slighlly 
to allow the use of CO continuous elements with equal order interpolations for velocity and pressure in a mixed 
formulation scheme. These equations are solved by the weighted residuals finite element method. The 
developed 2-D computer code is capable of simulating both Newtonian and non-Newtonian flows in the free and 
porous flow regions of the filter. The Taylor-Galerkin and B time-stepping methods are applied for temporal 
discretisation of flow equations and the convective dispersion equation respectively. The streamline upwinding 
Petrov-Galerkin technique was chosen for the solution of the Convective-Dispersion equation to overcome the 
problem caused by high Peclet number transport. Initial numerical experiments were based on simple geometries 
and the complexity of the geometries was increased so as to examine the model flexibility in dealing with various 
situations. The solution gives the concentration profiles as the filtration progresses and this information is in turn 
used to update properties such as the porous wall permeability, which change because of fouling. A probability 
density function is employed to estimate the rate of particle capture in the porous medium. The influences of 
porosity, permeability and particle size distribution on the operation of this type of fillers are discussed. Rigorous 
numerical experiments were performed on one, one and a half, two, two and a half and three pleats respectively. 
The results obtained from the double pleat geometry tallied completely with those from the whole of filter 
geometry consisting of 46 pleats in all. It was thus concluded that repetitive unit can be used to model the entire 
filter cartridge thus saving a lot of computational time and enhancing the computational economy effectively. The 
results obtained by the model were compared with experimental data and were in close agreement. 
Figure 1 shows a graph of differential pressure against time showing the closeness of the experimental and 
simulation results 
Keywords: Aeronautical Filters, Finite Element Method, Convective-Dispersion Equation, Stokes 
Equations, Particle migration, Porous medium 
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Computational Fluid Dynamics of Free, Porous and Coupled flows 
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ABSTRACT 
The aim of the present study is to analyse and 
simulate coupled frcc and porous now 
phenomena. The practical application of this 
concept is found in designing of conventional 
filtration equipmcnts for both cross flow and 
dead-cnd filtration techniques. The present 
work is a preliminary step towards the creation 
of a novel design and analysis tool for the 
speci fic case of high pcrfOmlaDCC pleated 
acronautic<li cartridge filters. A two-
dimensional computational code has been 
developed and is capable of modelling 
individual free, porous and coupled 
frcc/porous fl ows for Ncwtonian and nOI1-
Newtonian regimcs. Results arc presented for 
simple rectangular domains in fonn of pressure 
contours and velocity vector plolS. The 
developed code has been vaJidated againsl 
curved geomctries such as concentric circular 
domains. This proves the geometrical 
flcxibil ity of the numerical scheme and 
possibility of its extension to more complex 
geometry found in pleated cartridge filters. 
Keywords: Finite Element Method, Taylor-
Galerkin Scheme, Stokes Equations, Darcy 
Equation, Continuity Equation~ Porous region, 
Coupled now 
INTRODUCTION 
Although a methodology for modelling flow in 
pleated cartridges has been attempted [I], its 
complexity has previously prevented 
development of a generic modeL Henceforth. 
modelling of combined free and porous flows 
in aeronautical filters is a relatively unexplored 
area. However, it has been successfully 
attempted in many important engineering 
applicat ions such as: solidification of melals in 
casting industries f2], cross-flow fIltration \3], 
nucleate fonnation duration drilling of oil 
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wells [4], spontaneous ignilion of coal 
s tockpiles 15 1, pulmonary alveoli in lungs 16], 
insulation by permeable materia ls [7J, 
ground water flow through pcnneabJe reactive 
balTiers IRI and other convection related 
problems [9,10]. 
The demand for high perfonnance cartridgc 
filters makes it imperative to develop design 
tools capable of assessing and evaluating 
alterna tive design eon1igurations for specific 
applications. The present study includes 7 
industrial partners working Ul close 
collaboration with onc another. The ultimate 
atlll of tlle autltors here (LOUGHBOROUGH 
UNlVERSITY, UK) is to develop and va lidate 
a soflwarc package fo r design of pleated 
cartridge filters used ill aeronautical 
applications. 
MODEL LING AND SlMULATION 
The free flow dynamics has been expressed in 
tenns of Stokes equations in laminar regimes 
and the momcntwn conservation in porous 
ma trix has been represented by the 
conventional Darcy equation. The viscosity of 
non-Newtonian hydraulic fluid s used 111 
aircraft filters is updated through iterative 
loops in the solution algorithm using thc power 
law model. The shear rate used in the power 
law model is updated using second rate of 
defonnation stress tensor model. Other 
auxiliary parameters such as density of the 
fluid and penncability of filter media have 
been obtained from an industrial partner 
coUaborating with this project. The model 
equations can be found in the Appendix. In the 
development of the model we consider the 
following assumptions 
I . The flow regime is crcepingllaminar 
2. Body forces are negligible 
3, The fluid encountered in aircraft Jilters is 
primarily a generalised Newtonian fluid 
4. Flow at the free/porous fl ow interface and 
beyond into the porous matrix is described 
by Darcy 's law 
S. The pcnncable medium is isotropic. 
An iterative fmite clement solution scheme 
was developed through the deriva tion of the 
appropriate system or transient working 
cqualiolls /11 ,12,13, 14,15 / based Oil Ihc 
Stokes, Darcy and continui ty equations. A 
standard GaJcrkin weighted residuals finite 
clement scheme has been employed taking into 
consideration the geometrical complexity of 
the problem. CO continuous nine-noded 
biquadra tic elements have been selected for the 
domain discretisa tion with equal order 
in terpo lation functions for velocities and 
pressures. To circumvent the munerical 
discomfort forced by Ladyhenskaya a .buska 
Bre7.z i stabil ity criterion. the continuity 
equation IS transfonncd into a slightly 
compressib le fonn . The temporal 
discrctizat ions are carried out using a second 
order Taylor Galerkin scheme P G] for Slokes 
equations and a Eulcr time-stepping melhod 
for Darcy equation. 
RESULTS & DISCUSSIONS 
The results in this paper were obta ined using a 
Pentillm I V processor on a personal computer. 
A computer program was developed to carry 
o ut lhe computations. A batch·oriented 
approach was employed in which the code and 
the grid generators were not connected through 
an interface. Two d ifferent geometries were 
employed for conducting the studies namely 
the rectangular domain and the concentric 
domain. 
S imulation Data 
Newtonian fluids of a density of 970 kg/m), 
consistency coefficient 80 of kg/m.s were used 
in the simulations. The pcnneability of the 
domain considered in both Lhe longitudinal and 
transverse directions was given as 10'7 m2 for 
the rectangular domain and 10, 12 m2 for the 
concentric domain. 
Rectangular Doma in Analyses 
A computational grid with 2400 elements and 
980 I nodes was used in the simulations. Figure 
1 shows the fInite clement mesh togetilcr with 
the boundary conditions imposed in the 
analyses. 
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Plug fl ow Dirichlet-typc inJel velocity 
boundary conditions are imposed on r AB. v ... is 
given ,]S O.Jmls ,H the inleL The dimensions of 
Ihe duct are 0 .0 15 m by 0.005 m. 
A D 
IJ c E 
Figure J Finite c1emcnt mesh analysis showing 
bo undary conditions 
Free Flow AnalYSis 
Non· slip condition is assumed at the solid 
walls, f ADF and r ue,.; (rcfer figurc I), U1ereforc 
making the velocity components on the walls 0 
01/5. 
Fig ures 2 shows the velocity veclor profile. 
respectively. The figure shows that the plug 
fio w al inlcl develops inlo a parabo lic flo w as 
the now progresses. 
Fig lU'C 2 Veloci ty vector profile for the (rcc 
n ow region 
A constant pressure o f 0 .28 kPa is observed in 
thc entire domain. 
Porous Flow Ana ly.~is 
Y component of the ve locity vector is given as 
zero on the wa lls i.c. r ADF and r BCE (refer 
figure 1). A pressure datum 0 Pa is specified at 
the exit i.e. at r EF 
Unlikc in Lhe free flow region the velocity 
vectors in the porous region show constant 
plug now profile from inlet to outlet (refer 
figure 3). 
FiglU'C 3 Velocity vec tor profile for the porous 
flow region 
A significant pressure drop is witnessed in the 
porous flow region and figure 4 shows a 
pressure drop of 1.18 kPa . 
Figure 4 Pressure contour profile for the 
porous flow region 
Coupled Free and Porolls Analysis 
Non-slip condition is assumed at the solid 
walls, r AO and r ile (sec figure I), therefore 
making the velocity components on the walls 0 
ms·
l
• Nonnai velocity Vy boundary conditions 
are specified on the wails, r OF and r CE (sec 
figure I , as zcro. A pressure datwn 0 Pa is 
specified at the exit i.c. at r EF 
FiglU'e 5 shows the velocity vectors for the 
coupled free and porous flow regions. 
-
Figure 5 Velocity vector profile for the 
coupled frcc and porous flow regions 
The velocity field develops from plug flow at 
Ule inlet into a parabolic flow in the free flow 
region, and then it becomes plug flow again in 
the porous region. The x-component of 
velocity is observed to be dominant throughout 
the flow regions. 
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Figure 6 shows the pressure profiles for the 
eoupk.'<I free and porous flow regions 
corresponding to tile velocity profiles in Figw'e 
5. 
Figure 6 Pressure contolU' profiJe for the 
couplcd free and porous flow regions 
The pressure drop across the entire domain is 
6.7 kPa . The maximwn pressure drop is in thc 
porous matrix which aCCOlUlts for 92% of thc 
pressure drop for the entire domain. This is 
attributed to the high resistance to fl ow caused 
by the inherent nature of the sub-domain. 
Concentric Domain Analyses 
A computational grid with 400 elements and 
1680 nodes was used in the simulations. Figmc 
7 shows the fmite clement mesh together with 
the bowldary conditions imposed in the 
analyses. 
I'=IJ 
Figure 7 Finite element mesh analysis showing 
bowldmy conditions 
PlugOow Dirichlet-type nonnal velocity 
boundary conditions are imposed 011 the inlet. 
v" is given as 0 .92 ms· l at the inlet. A pressure 
datwn is given as 0 Pa at the exit. The 
thickness of the free and porous flow regions 
being 0.008 m each and the radius of the whole 
domain is 0.024 m. 
Results are obtained for a coupled domain 
composed of concentric frce and porous flow 
regimes. f'igure 8 shows a ve locity vector 
profile for the coupled free and porous flow 
regions for the concentric domain. 
" 
Figure 8 Velocity vector profile for the 
coupled free and porous {Jow regions 
The velocity vectors are radial in direction. 
The greater velocities arc observed at the exit 
due to reduction in flow area which show that 
mass is being conserved. 
Figure 9 shows the pressure profiles for tJ1C 
coupled free and porous now regions. 
Figure 9 Pressure contour profile [or the 
coupled free and porous flow regions 
The pressure is developed in concentric 
manner reflecting the flow field variations over 
the domain. The pressure distribution is 
symmetric with maximum value of pressure 
drop observed in Darcy region. 
The overall mass balances taken over the entire 
domains show lhat mass is being conserved in 
each case. The selection of the appropriate 
N. S.Hanspa l@lboro.ac.1lk 
lim e stepping and numerical scheme 
parameters ensures continuity of the flow 
vuriables across the interface. This presents an 
elegant, simple and straightforward scheme, 
which describes accurately free flow. porous 
fl ow and coupled flow regimes. 
CONCLUS IONS 
The developed model is capable of simulating 
free, porous and coupled flows. The present 
model can cope wilh complex gcometrics 
having been tested on rectangu lar ducts and 
concentric domains. The greatest pressure drop 
for coupled flows exists in the porous matrix 
sugges ting Ulat for some speci fic applications 
it is economically feasible la just simulate the 
porous flow behaviour. The model provides a 
practical tool in Ule CAD of aeronautical 
fi lters. The deveJoped eode can also be applied 
to other branches of engineering in which 
coupled flows are encountered. 
NOM ENCA LTURE 
Cs = Velocity of sound 
K~ = Pcmlcability in the x direction 
Ky = Pcnneabi lity in the y direclion 
n = Power law indcx 
p = Pressure 
v... = Velocity in the x direclion 
Vy = Velocity in the y direction 
I = Time variable 
G reek Sym bols 
'70 
p 
r 
r 
= Viscosity of the fluid 
= Consistency co-effic ient 
= Fluid density 
= Shear rate 
= Boundary of the solution domain 
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Stokes Equations 
Dare), Equ:ltion 
Continuity cqu~t,on 
I op oV;r ov" 
---+ --+ -- = 0 
p c l
2 or ox ay 
Powe r Law Mod el 
'1 ; '10 (y)"-I 
Second rate of deformation stress tenso r 
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StokesDarcyUVP FORTRAN Program Manual 
1. Introduction 
2. Features 
3. Capabilities 
4. System Requirements 
5. Getting Started 
6. Errors and Troubleshooting 
7. Input Data File Structure 
8. Program Listing 
9. Sample Input Data File 
10. Sample Output Data File 
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Introduction 
The overall objective of the present work is to develop and validate a software simulation 
package capable of providing velocity and pressure fi elds in coupled free and porous 
flow regimes. StokesDarcyUVP has been developed for thi s purpose. StokesDarcyU VP is 
a finite element analysis FORTRAN program for so lving non-Newtonian, isothermal , 
incompressible fluid flow problems. The hydrodynamic governing equations solved by 
StokesDarcyUVP are the Stokes equations and the Darcy equation each combined with 
the continuity equation and constitutive property relationships. The solution scheme for 
the hydrodynamic model is based on the U-V-P method with Tay lor-Hood elements. 
Depending on the nature of a particular proble m separates ana lyses can be carri ed out for 
free and porous fl ow regimes. It should be noted that the use of StokesDarcyUVP is not 
restri cted to analyses of cartridge filters but can also find app li cation in domains in whi ch 
free and porous flow domains exist. 
Features 
• Steady-State Solution Algorithm 
• Unequal Order Approximation for Velocity and Pressure (Taylor-Hood Scheme) 
• Frontal Solver 
Capabilities 
• 2-D Geometries 
• Incompressible Laminar Flow 
• Creeping flow I Low Reynolds number «< I) 
• Free Flow Analysis 
• Porous Flow Analysis 
• Combined Free and Porous Flow Analysis 
• Steady State 
• Isothermal Analysis 
111 
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System Requirements 
• Pentium or better processor 
• 80Kb Free di sk space (capaci ty of code excluding utility files) 
• Windows 95/98/NT 4,0 or better. 
• FORTRAN 90 Compi ler 
Getting Started 
A batch-oriented approach was employed in which the code and the grid generators were 
not connected through an interface. A finite e lement analysis package consists of three 
independent secti ons: 
• Pre-processing 
This requires the specification of the system geometry, restraints on the sys tem (boundary 
conditions), type and properties of elements, and material properties. Mesh generati on in 
th is work was done using Geostar® soft ware suppli ed by the Structural Research & 
Analysis Corp. Geostar® is an interacti ve 20 /3 0 geometri c modeller providing pre- and 
post-processors analyses. Part of the input data was prepared using the FE UT (Finite 
Elemen t Utility Program) developed in the Chemical Engineeri ng Departmen t at 
Loughborough University. The FEUT FORTRAN program was run in a UN IX 
environment on a Sun E3500 processor (sun-cc2 I I). 
• Processing 
The FORTRAN computer program, StokesOarcyUVP, carries out the numeri cal 
computations and simulati ons. The algorithm shown in Figure H. I shows the main 
steps of the solution procedures. 
• Post-processing 
The results are prepared for graphi cal and visual display using Geostar®, Surfer® and 
Microso Ft Exce l soFtware. 
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Figure III Solution Algorithm 
YES 
Start 
Initialisation o f va lues 
Physica l & Materi al 
Properti es 
Geo metri cal Data 
Boundary Conditions 
pre-programmcd 
max imum 
iteration reached? 
NO 
Solve Flow Eq uations ror 
Pressures and Velocities 
Print Output 
Stop 
Velocities 
Pressures 
Update Rhcologica l 
Propenics 
NO 
Chec k 
Convergence? 
YES 
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The structure of the subroutines is illustrated in Figure II2. The main program calls firs t 
level subroutines. 
Figure 112 HierarchicalleveIs of the code subroutines 
First Level Subroutines Second Level Subroutines Third Level Subroutines 
Getmat 
~-..,.. 
Getnod 
Getelm 
Getbcd 
Clean 
Setpnn 
Putbcv 
Flow 
~-....... 
Output 
.- ..... 
Bacsub 
Coutol 
Secinv III 
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Second level subroutines are called by the first level subroutines whilst the third level 
subroutines are called by the second level subroutines . The subroutines functions are 
li sted in the first part of the program. 
Errors and Troubleshooting 
It is necessary to familiarise with the program features and capabilities before one can 
deal with errors and troubleshooting found in running StokesDarcyUVP. 
StokesDarcyUVP has various di agnosti c too ls to perform data and operational checks to 
ensure smooth running of the program. It must be noted that these tools do not attempt to 
replace any verification a user should carry out, they merely complement the user's 
efforts. The adage 'garbage in garbage out ' applies very much in the use of 
StokesDarcyUVP. 
• If fi les cannot be opened it is usuall y because the program and the input fil ets) are 
not in the same folder. 
• If inconsistent property information and unacceptab le input data is entered the 
program is aborts and gives the respecti ve error message 
• Someti mes it is necessary to check the nature of a stiffness matrix and a routine 
has been put in subrou tine flow to allow thi s 
• If an element is erroneously not included in the calculations the program prints on 
screen the element number 
• The program prints on screen confirmation that all the input data fi le lines have 
been read 
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Input Data File Structure 
Title 
Line format (80a) 
Basic Control Variables 
Line 2 format (3iS) 
ncn = 
ngaus = 
nter 
number of nodes per element 
number of integration points 
maximum number of iterations 
Mesh and Material Property Data 
Line 3 format (4iS ) 
nnp 
nel = 
nbc = 
nmat = 
total number of nodes 
total number of e lements 
total number of boundary conditions 
total number of material s 
Numerical and Physical Parameters 
Line 4 
Line S 
Line 6 
form at (2 iS) 
ntep = 
icord = 
controls printing of results 
defines coordinate system 
format (3f l 0.0) 
grav I = 
grav2 
x-component of body force 
y-component of body force 
format (4f1 O.S) 
tol v 
tolp = 
convergence tolerance factor for velociti es 
convergence tolerance factor for pressures 
III 
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Line 7 
Line S 
Nodal Coordinates 
format (2d I 0.5) 
pennx '= 
penny '= 
permeability in the x-direction 
permeability in the y-direction 
format (4d I 0.5) 
rvisc '= 
power '= 
roden '= 
gamad '= 
consistency coefficient in power-law model 
power index 
density 
shear rate 
Line 9 to nc = 9 + nnp format (is , e20. 12, e20. 12) 
cord (maxnp,ndim) = coordinates of the nodal points 
Element Connectivity 
Line nc to ec '= ne + nel format ( I DiS) 
node (ie l,icn) '= 
Boundary Conditions 
array consistin g of e lement numbers and nodal 
connecti vity 
Line ec to bc '= ec + nbc format ( is , e20.1 2, e20. 12) 
ibc (maxbc) '= 
jbc (maxbc) = 
numbers of nodes where a boundary condition is given 
index to identify the prescribed degree of freedom(e.g. 
jbc=1 the first component of velocity is given etc .) 
vbc (maxbc) '= value of the prescribed boundary conditions 
III 
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StokesDarcyUVP 
Program Listing 
III 
c This is a program for the solut.ion of non-ne· .... t onian, isothermal. 
c incompressible flow problems using the weighted residual galerki n 
c f ini te element methOd . 
, 
, 
c The solution scheme for the hydrodynamic model is based on the U-V-P 
c method with Taylor-Hood element.s. 
, 
c Velocity components and pressure are the prime unkno'~'ns in the flow 
c field. 
, 
c Algebraic equations are solved by a frontal method . 
, 
c A comple te list of options is given on the program listing. 
, 
c The program consists of a main module and subroutines. 
, 
c The program is · .... ri tten in FORTRAN prograroming language. 
, 
c Developed by waIter R. Ru~ iwa 
, 
eVersion 1. 0 
, 
c March 200 4 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
work fil es 
uni t contents 
51 
15 
20 
input data file 
output file f or documentation 
used as a work fi le in the solver r outine 
stores shape func ti ons and their derivatives a t 
integration points 
output file containing elemental stiffness matrix 
for a particular e lement for diagnos ti c purposes 
C ::~::=:=====:=:=========:=========================================== === 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
List of variables 
aa 27. 27) 
aaOl 27, 27) 
aa02 27 , 27) 
b 2. 9) 
be (maxdf ) 
cord (maxnp , ndim) 
del ( 2, 9) 
delp ( 2. 4 ) 
gamad 
gravl 
grav2 
icord 
maxel 
maxnp 
maxbc 
maxfr 
maxdf 
""" nco 
ndf 
ndim 
ne1 
ng;sus 
nnp 
node (maxel. 27) 
nter 
n= 
power 
element coefficient matrices 
element coe ffi c ient matrices for temporary 
storage in dead-end analyses 
element coe f ficient matri ces f or temporary 
storage in dead -end analyses 
global derivatives of shape func tions 
noda l constraints (boundary conditi ons) 
nodal coordinates 
local derivatives of shape functions (p ) 
local derivatives o f shape functions (pp) 
shea r rate 
first component o f the app lied body for ce 
second component o f the applied body force 
represents the car tesian coordinate system 
maximum number of elementS 
maximum number o f nodes 
maximum number o f boundary cond itions 
si ~e o f arrays in frontal subr outine 
maximum number o f degrees of freedom 
total number of boundary-node const rain ts 
number o f nodes per element 
degree of freedom per node 
dimensions o f the solution domain 
t o t",l number of elements 
number of integration points 
t o tal number o f nodal points 
element connect i v ity 
maximum number o f iterations f or non -newtonian case 
number o f integration points per element 
power law index 
, 
c 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
c 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
c 
, 
c 
, 
c 
, 
c 
, 
, 
, 
, 
c 
, 
, 
, 
, 
c 
, 
, 
, 
, 
, 
c 
, 
, 
, 
, 
, 
c 
, 
, 
, 
, 
, 
, 
, 
, 
, 
pe.rmy 
p I 
press (maxnp 
rl (maxdf 
rr ( 27 
rvisc 
t olp 
tolv 
ve l Imaxd f 
perme~~;-~~ty J.n the x -di rection 
permeability in the y-direction 
shape func ti ons 
nodal pressures 
global load vec t or 
element load vector 
cons i stency coeff i cient in power-la· .... model 
convergence tolerance factor fo r pressures 
convergence t olerance factor for ve l ocities 
nodal ve l ocities 
NOTE; Any symbol not defined in the ",bove list is locally defined 
:====================:================== = =====:====~===============~=== 
List o f subroutines 
====:==~=========== 
bacsub 
clean 
contol 
dedv 
fIo",' 
fr ont 
gaussp 
getbcd 
getelm 
getmat 
getnod 
putbcv 
output 
secinv 
setp.rm 
shape 
visca 
back s ubstitution methOd for finding the final 
solution vector 
cleans used arrays at the end of each segemnt and 
prepares them to be used by the next component of 
the program 
checks the convergence o f solutions by cal culating the 
ratio of the difference of the Euclidean norm bet .... 'een 
successive iterations to the norm o f the solution 
calculates tne jacobian matriy., its det e rminant 
and global derivatives of t he shave functions 
calcu lates the veloc i ties and pressures 
fronta l methOd for so lving t he final set 
of equations 
speci fie s the gauss points and weight s requi red in 
the numerical integrat i on 
reads and echo p r ints the pnmary boundary conditions 
r eads and echo prints the element connectivity ar ray 
reads and echo prints the input material data 
reads and echo prJ.nts the noda l co-ordinates 
imposes t he primary boundary condi tions for 
veloci ty 
prints the final solution 
calculates the second invariant of rate of deformation 
tensor at integration points within the element s 
sets the l ocation data for nodal degrees of 
freedom f or the fIo",' field 
calculates the shape functions and thei r 
derivatives 
updates the viscosity using the powe r law model 
====================:===============$===============:=========== 
parameter (maxel 
parameter (maxnp 
parameter (maxbc 
parameter (maxdf 
parameter (maxst 
parameter (maxfr 
parameter (ndim 
ll OOO 
50000 
1200 
maxnp'3 
27 
2000 , 
implici t double precision(a-h,o-~) 
Storage al l ocat i on 
dimens on ti tl e 
dimens on node 
dimens on ncod 
I {maxe l. 
(mv::df 
801 
'1) 
) 
,pmat (maxel, 
. be (maxdf 
Bas i c con t rol variab l es 
4 ) . cord (ma xnp, 
) . vbc (maxnp " I 
dimension vel (maxnp, ndim ,pres (maxnp , : ~~ln imaxdf , 
dimension cl {maxdf .sinv (maxel, 9) .pp , 4) 
dimension veo {maxdf .n (maxst , .b , 2. 
" dimension nopp (maxdf .cg , 31 .nk {lI'I4xst , dimension •• (maxst,max5t) .delp , 2. 
" 
' ndn (maxdf , 
dimension p , 9) ,del , 2. 
" 
,mdf (maxdf , 
dimension Idest (maxst , ,kdest{maxst , . pvkol(maxfr , 
di mension eo (maxfr.maxfr) ,lhed (maxfr , .khed (maxfr , 
dimension kpiv {maxfr , ,lpiv (maxfr , , jmod (maxfr , 
dimension qq (maxfr , 
character ' 20 filname 
c -------------------------------------.------- - ------------------------ •• __________ • __ _ 
C ~:::~=:~==:===~z:s===~================ 
C Opening of input and output data f i l es 
c ==a •• ===z •• zz====== ••• ================ 
C 
C 
prin~ ' . 'enter name o f data file' 
readl ' ,2000) filname 
open(unit=51 
1 formll' formatted' , 
open(unit=60 . 
1 form=' formatted' , 
file=filname 
s tatus="unkno~~" 
f ile='lIerou t .txt', 
5tlltus="unknown" , 
access'" sequential' 
iostllt=ios 
access='sequential', 
iostat=ios ) 
open(l,mit=1 4 form=' unformo!ltted' , status:.' scratch' 
c 
C 
C 
c 
5010 
SOlO 
50)0 
1 i05t4t"'ios 
open(unit=15 form=' unformatted' , status=' scratch' 
1 iostat_ios 
open(unit_20 , 
1 form='£otmAtted', 
file='stiffmat' 
status"'·unkno .... -n · 
if(ios,..O)then 
print ' ,"files opened 
else 
print " , " files not opened" 
stop 
end if 
rewind 20 
rewind 51 
rewi nd 60 
all===== • • "' •• ====. 
Initialhe arrays 
=.====~3 •••• ====: 
do 5010 itl l,maxel 
do 5010 ivl 1. 21 
node 
continue 
do 5020 itl l,maxel 
do 5020 ivl I • • 
-, 
continue 
do 50JO ,,1 l,maxnp 
do SOlO ivl 1.2 
cord 
vel 
cont.inue 
do SOH itl l,maxel 
do 5031 ivl l.9 
sinv 
(itl,ivl) 
(it1. ivl) 
(itI. ivl) 
(itl,ivl ) 
(itl, ivl) 
o 
0.0 
0.0 
0.0 
o 0 
access=' sequential' , 
iostat=ios , 
This serves as a diagnostic 
tool in checking whether all 
the files have been opened. 
The input file must be in 
s~e folder as the program 
,on 
5060 
5080 
c 
c 
c 
c 
c 
c 
c 
, 
c 
c 
, 
c 
c 
c 
c 
, 
c 
cont.lnue 
do 5060 itl 1. maxdf 
nopp 
'" 
0 
mdf 
'" 
0 
odn 
'" 
0 
ncod 
'" 
0 
,1 
'" 
0 0 
soln 
'" 
0 0 
be 
'" 
0 0 
ve, 
'" 
0 0 
continue 
do 5080 itl l,maxnp 
'be (itl) 0 jbe (itl) 0 
vbe (itl) 0 0 
pres (itl) 0 .0 
continue 
Title of analysis 
if (,not. eof(S!)) read (51.2010) title 
.... 'rite(60.4010) title 
Element description data 
if (.not, eof(51) read (51.2020) ncn, ngaus. nter 
""rite(60.4020) ncn ,ngaus 
Mesh, boundary condit.ions and material parameters 
if .not. . eof\5UI r ead (51.20)0) nnp, ne!. nbc, nmat 
if .not , eo£(511) read (51.2040) ntep ,icord 
if licOI'd eq , O) 
write(60,4050J 
if(ntep.eq,O) ntep=l 
writ.e(60,4030) 
5=;= .S===3Z.:===~Z=========;======~:=========:e=== •• z===".e 
if ntep • I then computed result after every iteration will 
~ prin~ed ;i{ yo~ do not. need the result of intermediate 
computations choose your own nt ep ;the result of first and 
conve rged SOlutions will al ways be pri n ted. 
~=e ••• ===a··====~.===========================.ee== • •• :== ••• 
i f (nnp .le. 0 .OC oop .g' m1l.Xnp) then 
write(60,4060) 
elseif(nel ,le. 0 .OC .nel .g' maxel) then 
writ.e(60, 4060) 
elseif \nbe .le. 0 
." obe .g' maxbc) then 
write(60,4060) 
elseif (nmllt ,le. 0 
." ~"' .g' maxel) then 
write(60,4060) 
print', "t.he progr&n i, aborted - incorrect data" 
StOP 
endif 
write(60,4010) nnp ,nel ,nbe .rumat 
if (, not. eof(51)) read (51,2050) gravl grav2 
write(60, 4080\ 'Jravl , grav2 
., .............. "" ...... ., .. r-"""""""'"" .... ~""-C--","". ----------------------------------------------r--------C:,----------m.dX~0"'p~~-.mrn"'x""~, --'ma.xCfC'C,---;m-dX~d7f-, ---oOd<.C· m;---~a"ac--------
7 xg da ntov icord, idv4 s~nv 
e 
e 
e 
e 
e 
e 
e 
c 
e 
5125 
5130 
if (. not . eof (51)1 rel.l.d(51.2070 ) perrnx, permy 
Read input data from main data file and prepare arrays for solution process 
call getmat {ne1, nrnat, pma t S! 60 maxel 
call Ile tnod (nnp, cord, S! 60 maxnp, ndim icor d) 
call getelm (nel, nen n ode 51 60 maxel 
call qetbcd (nbe, ibc jbe vbe 51 60 maxb cl 
See contro l parameters (de f aul t values a" oven."r i tten by ~nput 
if spec ified) 
non number o f 
ngl.l.us number o f 
ndim number o f 
nodes P" e lement 
integration poin t s 
space dimen!;ions in ch, s olut i o n d omain 
d o 5125 iel = l, ml.l.xe l 
do 5125 Iq = I , nc n 
sinv ( iel ,lg)= 0.25 
continue 
do 5130 ivel = 
d o 5130 ind 
vel(iveLind)= 
continue 
1, maxnp 
1. ndim 
0.0 
data 
c Itera ti o ns start 
e 
e 
e 
e 
e 
1 
2 
1 
2 
1 
2 
1 
2 
3 
• 5 
do 5150 i ter = 1 ,nter 
print·, ·iter= '. iter 
..... rite ( 60 , 409 01 i t er 
Ca l cula te nodal velocities and p r esures 
==:=:=:===========:::=============::::================:============ ====== 
i cho= 1 
rewind 
" r e ..... ind 15 
ndf 3 
n t ov nd' nnp 
ntrix nd' nen 
ca ll c lean 
(ncn n,l nd' node ,1 max el, 
maxst, maxdf, be ncod i c ho ) 
call setprm 
(nnp 0,1 nen node nd' maxel 
maxst , ndn ntrix, ma xd f , mdf nopp 
call putbcv 
(nnp obe ibe j be vbe ncod 
be maxbe , maxdf, maxel, no de oe) 
idv4 is the file specifier f o r unit=20 
idv4=20 
c all fl ow (node cord pmat n opp md' ndn 
ncod be v,l pres cl I dest 
kdest nk eq Ihed khed soln 
kpiv Ipiv jmod qq pvkol, iter 
n,l aen ngaus, grllovl. perrnx, permy 
grav2 P d,l b ntrix, maxe l 
5 
e 
e 
nnp pp delp 
Print the output 
iiter=(iter/ntep ) ' n tep 
i f (i ter .eq.l .or. ii t er.eq.i ter) t hen 
call output ( nnp, soln, maxdf, maxnp) 
endif 
c ========================================================================= 
c Convergence check 
c ===============================================================:========= 
call 
1 
2 
contol 
(sol n 
maxd( 
i te l' 
e rrov 
ntov 
vac 
onp maxnp 
e 
e 
e 
========================================================================= 
Upda ti ng of viscosity 
========================================================================= 
ca ll 
1 
seclnv 
2 
J 
5150 continue 
e 
, 
e 
e 
closet 14 ) 
close ( 15) 
closet 20) 
close ( 51) 
c l oset 60) 
(ne l 
co rd 
Illaxnp 
nop 
p 
mitxeJ, 
nen 
b 
maxst . 
nqaus, 
del 
nd im 
I tera tion s end 
node. 
d. 
mit."(df 
sinv 
vel 
c ========================================================================== 
c Read statements 
c ========================================================================== , 
e 
2000 f o rmat (a ) 
2010 f o rmllt (80 a ) 
2020 f o rmat(3i5 ) 
2030 f o rmat ( 4i 5 ) 
2040 f o rmat (2i 5 ) 
2050 f o rmat (2 fl 0 0) 
2060 f o rmat (2 fl 0 . 5) 
2070 f o rmat (2dI0. 5) 
e 
e 
c ========================================================================== 
c Write statements 
4010 f o rmat (' '.5(1).' ' . 20x. 60(' * ').I' '.20x, " ',58x .· · ·,1 
, 
I ' ',20x,' " ,' A two dimensional finite elemen t model of a 
29x."', I' ' ,2 0x . non-newtonian isothermal fl ow using the' 
317>::,"', I' ',20>::, "',' U-V-P method with Tayl o r - Hood elements. 
415>:: ... ·,1· ',20>::, , 
558x.' · ', I' '.20x.60{· · ·)III,· ·.20x,80(·-'),I' ·.20x,80a ,l· 
620x.80('-'),III) 
402 0 f o rmat (' '.20x. 3('[ ' ),' element desc ript i On 
125>::. ' no.o f nodes p er element 
data' .10('.').1 
=',il0,1 
= '. i10. 1 225x. ' no .o f inte grat i on po ints 
, 
, 
4030 
4050 
4060 
, 
4070 
, 
4080 
4090 
f o rmat (. .,. coo rdinate system is cartesi an (planar) , •• . 
f ormatl ' .) 
f ormat (. . .10 (. ( , ) . 'i nput datll unaccepto!lble' , 10 ( . J . )//1) 
f o rmat (. " 20x. 3 ( . I ,) .' mesh descripti o n data 
125)(, ' no ot nodal points 
. . 10 ( •. ') . / 
",' , D O, I 
225)(, ' no.o f elements 
325x, ' no.of nodal constraints on boundary 
42 5x. 'no.o f different materials 
f ormat !' ',20x, 3('['),' uniform body f o rce 
125x, 'Ol'"vl 
225)(. 'gravl 
formatl/J1' lteration ', i5 ,/1) 
"', H O,! 
::' ,£10,1 
"",itO,II) 
vector' ,10('. ') ,I 
$', Cl5 . 4 .! 
::',f1S.J,11l 
5000 format (is. fl 0.6, e20.6) 
, 
, 
, 
, 
, 
, 
, 
, 
c 
, 
, 
, 
6010 
6030 
End Program 
Subrout ines used in the calculati ons 
=::=:",,,,.,,,::a:,,,a,,,=,,,a===::::=======,,,,,===== ====,,,======s:==.== •• =.~=.==.====== 
subroutine bacsub 
1 (ntotl.ifix ,vfix ,rhs ,so ln ,mirnt , rwork ,iwork, idv2) 
implicit d ouble precis i o n (a - h, o- 2:) 
dimension i fix (ntotl), vfix (ntotll, rhs (n t o tl \, soln (n totll 
dimensi on rwork (mfrnt),iwo rk (mfrnt) 
do 60 20 kp"l,nt Otl 
backspace idv2 
d o 6010 i:l,ntotl 
soln!i) :0.0 
if (ifi x ( i) . ne.O) soln(i):vfix(i) 
continue 
r ead (idv2) i, i f rnt . j frnt, (iwork (k ) ,rwork (k) , k =l, ifrnt) 
backspace idv2 
if(ifix (i) . ne.O) Q O to 6020 
~" 0 0 
t"Work(j frnc) = 0.0 
so ln (i\= rhs(i) "ww 
do 6030 k=l.ifrnt 
)=illbs(i .... o rk ( k) \ 
ww " WW ~ rwork (k ) 'soln (j) 
continue 
6020 continue 
, 
, 
, 
, 
, 
return 
,od 
subroutine clean 
1 (ncn , nel 
2 maJtdf, be "'If . ncod , ood. icho 
implicit double pcecision(ll~h, o -=1 
dilllension cl 
dimension be 
ntrix", '2,'7 
(maxdfJ , 
(maxdf) , 
node (lII4Xel , maxst ) 
ncod(w,ay;df ) 
maxel, 
c l eans the used Ilrrllys and makes them ready for solution 
.Z"a.~a.~.as~ •• z •• zz.a"z.,,==:======================"==.az 
ml)X:n., 
) 
6010 
6020 
)0 10 
6030 
, 
, 
, 
, 
6010 
, 
, 
, 
, 
, 
d o 6010 i 
rl (1) 
bc(i1 
ncodUI 
I , maxdf 
0.0 
0.0 
o 
continu e 
ntrix = ndf ' ncn 
do 6020 ie1 = I, nel 
do 6020 inp " l .nt rix 
node(iel,inp) '" ia bs (nodeCiel .inp )) 
continue 
ifficho.ne. l lthen 
do 60)0 ie1 '" l.nel 
wt'i te (11 , l0 101 jel, (n ode ( iel , j), j=I, ncn) 
f O rTl\lI tI10i~) 
con t i nue 
endif 
return 
'od 
=a==·=."=.=======$=========================~==.==a==a==a=._=_==3$=:O======= 
subrouti ne con tol 
1 (soln iter ntov nnp maxnp 
2 mllxdf, errov vet 
implicit double precision(lI-h,o-z) 
dimension soln (maxdf), vet (maxdf ) 
errv 
torv 
n ttt 
o 0 
0.0 
nnp ' ) 
do 6010 icheck "" I,nttt 
it(iter.eq.l) vet(ichec k ) 0.0 
errv "" el'rv (sol n (icheck)-vet(icheck)) " 2 
corv = torv soln(icheck) ' ' 2 
vet (icheck ) soln(icheckJ 
cont inue 
errov= errv/torv 
r eturn 
."d 
•• ==a==a==.=:~====: = ========================.==_==a::.=:a~=s=a~=a",=.===== 
subroutine deriv 
1 (ie l iO jo p d e l , b nen 
2 dll c g node. cord maxel, mlIxnp, maxst l 
implicit double preeis i on(a-h ,o-z) 
dimension p (9 
dimensi on del (2, 
dimensio n cj (2, 
dimension node (mllxel. 
do 60 10 j=1.2 
d o 6010 1=1 ,2 
gllsh=O.O 
do 6020 k ~l,ncn 
), b (2, 9) 
9). co (J J 
2), c:j i (2, 2) 
27), cord (maJ<np , 2) 
calculation of jacobilln f or isopa.rllll\etric mapping 
==_"sa==a==a=====",======================z.=.",==== 
a = ilIbs (node (le!. k ) ) 
6020 gllsh_gash + del{j,k) ' cord(lI, l) 
6010 cj(j,l)=gllsh 
detj _cj(1, 1 ) ' cj( 2 ,21_ cj(l,2) ' cj(2,1) 
if (detj. l e.O.O) then 
IoIri te(60,lOlO) i el. detj 
l010 fo~t( lx • error: 2: e r o o r neglltive jllcobilln. 
s t op 
i6,g20.5) 
endif 
calculation of local derivatives 
o::ji{1,I) "cj(2,2) 
cjiO,2) :-0::;(1.2) 
c;i(2,1) :-cj(2,1) 
cji(2,2) : cj(1,1) 
do 60)0 j:l. 
do 6030 l:1.ncn 
b(j ,1):0.0 
detj 
det; 
det.j 
detj 
c calculation of <;I1obal deriatives 
do 6030 ](:1.2 
6030 b(j,l): b{j.l) .. cji(j,k) , del\k,l) 
o 
o 
da: detj "cg( ig) "cg(jg) 
return 
.nd 
C :::::":":"",,,,,,:==::,,=::,,,=,,:,,:::========,,====,,,====:::=,,,:==::=="'===:========= 
s ubrou tine £10\,' 
1 (node cord pmat nopp md' ndn 
1 ncod be v.l pres <1 ldest 
2 kdest. nk .q Ihee khed soln 
3 kpiv lpiv jrnod qq pvkol, it.er 
• n.l non ngaus, grav1, permx. permy 5 grav2 p d.l b ntrix. mdXel 
6 mdXnp maxst, max fr . maxdf ndim a. 
0 
0 
0 
o 
7 
8 
x9 d. ntov 
nop pp delp 
implicit. double precision(a~h.o-z) 
dimension nod. (maxel,maxst).pmat 
dimens i on ncod (maxdf , ,be 
dimension v.l (nnp, ndim) . r l 
dimension aa (maxst.maxst) ,rr 
dimension x. , 3) ,cg 
dimension x , 2). v 
dimension p , 9) .del 
dimension .q (max fr,maxfr).nopp 
d imension Ihed (maxf r ). khed 
dimension Ipiv (maxfr ), kpiv 
dimension pvkol (max f r ) ,mdf 
dimensi on pp , 4) ,delp 
dimensio n aaO l (maxst,maxst.) 
dimension aa02 (maxst. maxst) 
do 5001 ie l =l .nel 
do 6010 idf" l.ntri x 
rr (idt) " 0.0 
do 6010 jdf= l.ntrix 
!la (idf.jdf)= 0 0 
aa01 (idf.jdf)= 0.0 
111102 (idf,jdf): 0.0 
6010 continue 
c Numerical integrat.ion loop 
c ",:=============::=",,,,====,,= 
call qaussp(ngaus,xg,cg) 
icor d. i dv 4 s i nv 
(maxe l , 
(maxdf 
(maxdf 
(maxst 
, 
, 
, 2, 
(maxdf 
(max f r 
(max fr 
(maxd f 
, 2 , 
, 
4 ) ,cord (maxnp, ndim) 
) I s i nv (maxel, ncn) 
, ,b , 2, 9) 
J,ldest(maxst , 
3) ,kdest (maxst , 
2) ,nk (maxst ) 
9),pres (maxnp ) 
) ,ndn (maxdf ) 
), jmod (maxfr , 
) ,qq (maxfr ) 
) ,ppp , 9) 
4),so l n , maxdf) 
rvisc 
power 
roden 
gamad 
pmat( el, 1) 
pmat( el,2) 
pmat ( el.3) 
pmat( e 1.4 ) 
1<;1:0 
do 6020 ig=l,ngaus 
do 6020 jg=l.ngaus 
if (iter.eq.1) then 
call shape 
call shape 
ncn=9 
,. 
,. 
call deriv ( iel ,ig 
1 da .cg 
iig:ig 
jjg:jg 
,h 
,h 
write(15) 
else 
. jg 
,node 
9 
h 
19 
,p 
,pp 
._- --
xg(ig) 
xg (jg) 
'. 1 
,del 9) 
,delp 
" 
.p .del ,b 
.cord ,maxel .maxnp 
,ncn 
.maxst) 
iel ,iq ,jg ,p ,del ,b .da. pp 
ifenoe. eof(15Jlread(151 iiel,iig.jjq,p ,del ,b dlJ, pp 
endif 
ppp(l)=pp(l) 
ppp(2)=0.0 
ppp\3)=pp\2\ 
ppp(4)"'0,0 
ppp(51"pp(3) 
ppp(6 )=O.0 
ppp(7)=pp(4) 
ppp(8)=0,O 
ppp (9J=0.O 
these are shape functions 
f or the pressure variables 
corresponding t o the four 
corner nodes 
c calculat i on o f v i scosity based on the constitutive equation 
c ===:=~==::=",========:==="=:========:==:====~===",,,==,,===:=== 
5333 
do 5333 ip " l,ncn 
jp = iabs(node(iel.ip)) 
cont.inue 
epsii = l.d-lO 
gamad : sinv (iel, 19) 
if (gamad.lt. epsiiJ gamad '" eps i i 
call visca (rvisc , power ,vlsc 
W 0 r k n • , q 
c Stokes Equations 
if(iel .ge. ,and. iel .le. 1160 ) then 
do 6070 i=1,ncn 
j 11= i 
j12= 
)13= 
do 6070 j=l,ncn 
j21: 
j22= 
j21'" 
non 
2"ncn 
u • o n 
, 
These equations represent 
elements in the free flow 
region. I n coupled fl ow 
problems the elements need 
t o be specified as shown here 
o 
o -----~--- •• -----~-------- - -- Stiffness matrix ----------------~----------
10 
..,..-...".------------------------------------,----cC'--;;.;;"=''.~.~="'''._;;._;;.;;;.~==;;.;;;.;;-.;;''''''=,,=::=:::=======,,=:='''''======== 
aa(j ll. j21)=aa(jl1,j21) 
1 
aa(jll,j22):aa (j11,j:!:!) 
aa( ill.j2):aa!j! l.j2) ) 
aa(i12.j21)=aa(jI2,j21) 
aal j 12, j22) =tllI (j 1 2, i22) 
1 
aa(j12,j23)=88(jI2.j23) 
aa(j13,j2l)=Aa(j13.j2l) 
aa{j 13 , j22J=aa(j13,j22) 
2. Q'visc'b(l, i) • b (1. j) "da 
visc ' b (2. j) • hI:!. i) ' da 
visc ' b(2, i) ' b(l,j) ' d a 
ppplj) ' b(l,i)'da 
visc ' b(l. i) ' b(:!, j) ' da 
visc'b(l,ij "b(l,j)'da 
2 ' visc"b(2,j) 'b (2,i) 'da 
ppp(j)'b(2.i) ' da 
ppp(i) ' bil.j) ' da 
ppp(i) ' b(2,j) ' da 
aa{j13,j23)=aa(j13,j2)) 0.0 
6070 continue 
c 
c 
c 
c 
c 
6080 
c 
c 
end if 
Darcy Equations 
========== =="'== 
if ( iel .ge . 1201 .and. iel ,le . 2400 ) then 
do 6080 i:l, ncn 
j 11= 
jl2= 
j13= 
do 6080 j=l,ncn 
j2l: 
j 22= 
j 23= 
oco 
2 ' ncn 
"'0 
2 ' ncn 
These equations r-epresent 
elements in the porous flow 
region. In coupled flow 
p r oblems the e lements need 
to be specified as shown her-e 
---------------------------- Stif fness matrix ---------------------------
Mljll.j2 l ) aa (j 11, j21) (vi sc ' p \ i ) ' p (j)' da ) Ipennx 
aa(jl1.j22) aa(jll.j22) • 0.0 
M(jll,j23) aa(jll.j23) ppp(j)'b(l.i)'da 
M(jl2,j21) aa(j12,j2l) 0.0 
aa(jl2,j22) aa(j12.j22) (visc ' p(i) ' p(j) ' daJ/permy 
aa(j12,j23) aa(j12,j23) ppp (j) ' b(2, i) ' da 
aa(j13,j21) aa(j13, j21) p pp(i) ' b(1.j) ' da 
aa(jl3. j22) aa(j13.j22) ppp(i) ' bP.j)'da 
aa(j13.j23) aa{j13,j2J) 0.0 
continue 
eod if 
Elements on the free/porous flow region interface 
11 
c 
if{iel .O'e. 1161 .and. iel .le. 1200 ) then 
These equations represent 
elements on the free /porous 
flow region interface. 
In non-coupled flow problems 
the equations and their 
associated arrays are not needed 
Replacement of the nodes on the interface by the Darcy working equations 
do 6090 i=1. ncn 
do 6090 j=l.ncn 
j 11= i 
j 12= 
j 13= 
j21" 
j22= 
j2)=o j 
oco 
2"nen 
oco 
2'ncn 
c POr-OU5 flow calculation 
c ======================= 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
---------------------------- Stiffness matrix ----------------- _________ _ 
aa02(jll.j21)=aa02(jll,j21) 
aa02(jl1,j22)=aa02(jll,j22) 
aaQ2(jll.j2))=aa02(jl l,j23) 
(visc ' p(i) ' p(j) ' da) Iperntx 
0.0 
ppp(j) ' b(l, i) 'da 
aa02(j12.j21)=aa02(j12,j2l) 0.0 
aa02 (j 12, 5n) =aa02 (jl2, j22) 
aa02(j12.j2))=aa02(j12.j23) 
aaQ2(j13.j2l)=aa02(j13.j21) 
aa02(jI3,j22)=aa02(j13,j22) 
aa02 (j 13 . :i23) =aa02 () 13 ,j23) 
free flo .... · calculation 
(vi sc'p(i) 'p ()) ' da) /penny 
ppp(j) ' b(2. i) ' da 
ppp(iJ 'b (!.j) ' da 
ppp(i) ' b(2,j) ' da 
0.0 
Stiffness matrix -------------------- ___ _ 
aaOl (j 11. j2l) =aaOl (j 11. j21) + 2. O' visc ' b( I, i) ' bO, j) 'da 
visc'b (2.)) ' b\2. i) 'da 
aaOl (jll. j 22) =aaOl (j 11, j22) 
aaOl (jlI. j2)) =aaO I (j 11. j 23) 
aaOl(j12,j21)=aaOl{j12,j2l) 
visc ' b (2,i) ' b(l, j) 'da 
ppp{;i) ' b(l, i) ' da 
visc 'b (l,i) ' b(2.j) ' d~ 
aaO l (j12, j22) =a!oOl Ul2, j22) + visc'b{l, i) ' b(!. j) ' d"" 
2 ' visc ' b (2, j) ' b (2 . i) ' da 
aaOI (j12, j2)) =aaOl (j I2. j2)) 
MOl (j 13. j21) =aaOl (jlJ , 521) 
aaOl (j 13. j22) =aaOl (jlJ. j22) 
aaOl (j l ),j2J)=aaOl(j13,j2J) 
ppp(j) 'b (2, i) 'da 
ppp( i )'b(l.j) ' da 
ppp(i) ' b(2,j) ' da 
0.0 
Replacement o f Stokes with Dar cy o n interfacia l nodes 
12 
if ,;11 . eq. 
1 j12 . eq. 
2 i13 . eo 
aa(jll,j21) 
tla(jll,j22) 
"",(;11.;23) 
lIa!jl2.j2l) 
M(jlz,j221 
aatj12,j2) 
aa(jll,j211 
M(jll,j22) 
aa(j13,j23) 
else 
a,,(;11,j21) 
aa(jll.j22) 
aa(jll,j2J) 
aa(j12.j21) 
"aliIZ,;22) 
aalill,;ll) 
aa(jl3.j21) 
aa(j13,j221 
lIa(jl),j21) 
end if 
6090 cont.inue 
.,d if 
6020 continue 
e 
3 .o r . jll .eQ. 4 
12 . or . :;12 .eg . 13 
n . or . j13 eq . 22 
oa02(jl1,j21) 
aa02(jll,j22) 
aa02(jll,j23) 
oa02tj12,j21) 
aaOZ(jlZ.j22) 
ail102 (j I2 , ;23) 
&aOlljll,jal) 
a.!I02(j13.j22) 
aa02(jll.j23) 
aaOl(jll,j21) 
aaOl(jll.j22) 
lIaOI(jll.;ll) 
"aOlljlZ,j2I) 
",aOll;ll.;22) 
lIIaOI!jl2,;2)) 
aaOl(j13.jal) 
aaOl(j13,j22) 
aaOl(j1J,j23) 
.or. ll.eq. 5 .o r . 
.or. 12.eq . 14 .or. 
.oc. 13.eq 23 ) then 
Replacement with nodes 
on the porous wall 
NO replacement is done on 
these nodes in the free 
flow region 
e Writing the stiffness matrix for element number 20 
c ==:::~:z.: •••• ~: •• z:z:================== ========= 
if (it!1..,20)then 
(idv4,)045) 
(idv4,3050) iter 
This serves as e diagnostic tool 
in analysing the nature of the 
matrix. Any element can be specified 
according to the mesh analysed write 
write 
write {idvQ ,)055) I (aa(i ,j) ,j=l,ntrix), i=l.ntrix) 
3045 f ormlltllll,' ',IOI· " ).' element stif f ness matrix for element 
120',10(' · '),111) 
]050 format{l ll,' ',' time step =',i5,1I1) 
1055 format(27(e15 .8,)x)) 
end if 
e 
e 
e 
Checking the element for which the stif fness matrix is zero 
========~=============================================z •••• 
icount =0,0 
do 1111 i=l,ntrix 
do 1111 j_l,ntrix 
if(5lI.(i ,;I .eQ. 0) then 
icount"icount+l 
end if 
1111 continue 
e 
e 
if (icount.eq 729) print',iel 
Evaluati On of Elemental Load Vector 
=""=,,,,==.""~:~E~C ••• =C==========""" 
do 6085 i~l. ncn 
This serves as a diagnostic 
tool in pickinq the elements 
not included in the calculations 
13 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
11= 
12= ncn 
13c 2 ' ncn 
rr( 11):0.0 
rr ( 12)=00 
rr( 13)",00 
6085 continue 
maxte"lIIaxdf 
call 
1 
front 
2 
3 
4 
5 
5001 continue 
return 
"d 
subroutine 
, .. 
Idest, 
khed 
<l • 
maxdf, 
front 
1 , .. n 
2 kdest: ,k 
3 Ipiv jmod 
4 be nopp 
5 ntov soln 
n 
kdest, 
kpiv 
ncod 
oe1 
iel 
maxfr, 
qq 
mdf 
iel 
'k 
Ipiv 
be 
maxte 
oop 
'0 
pvkol, 
,d, 
,ode maxel, maxst. 
maxfr, eo Ihed jmod Oq pvkol. 
nopp mdf ,d, 
ntov soln 
maxel. maxst, Idest, 
Ihed khed kpiv 
,1 ncod 
maxdf, oe1 maxte, 
l 
Frontal elimination r outine using diagonal pivoting 
implicit double precision(a-h.o-z) 
dimension •• (maxst ,maxst) .n (maxst) dimension oop (maxel,maxst) 
dimension Idest (maxst) ,kdest (maxst) 
. 'k (maxst) 
dimension eq (maxfr .maxfr) ,1hed (maxfr) , khed (maxfr) 
dimension kpiv (maxf r l ,Ipiv (maxfr) 
dimension jmod (maxfr) .qq (maxfr) . pvkol (maxfr) 
dimension ,1 (maxdf) ,ncod (maxdfj 
dimension be (maxdf) .nopp (maxdf) .mdf (maxdfj 
dimension ,d, (maxdf) 
dimension soln (maxte) 
nip and nd! are the file specifiers for units 60 and 14 respectively 
nlp_60 
nd1 .. 14 
Prefront 
if (iel.eq.l) nell " 0 
if (iel.eq.l) ntra " I 
if(ntra.eQ.O) qoto 6040 
runax " maxfr 
ntra " 0 
ncrit 20 
lfron = 0 
nlaro • nmllX-IO 
c Find last appeareance o f each node 
e 
nlast = 0 
do 6010 i • I , ntov 
do 6020 n = l,nel 
jdn = ndn(n) 
do 6030 I • I,jdn 
if(nop(n,I).ne.i)qo to 6030 
nlastl " n 
nlast • n 
14 
603 0 
602 0 
6010 
c 
c 
c 
6040 
6050 
6060 
6070 
c 
c 
c 
c 
con t inue 
con tinue 
if( nl ast.eq.O) go to 6010 
nop(nlast.ll) = -nop(nlast,ll) 
nlast " 0 
continue 
ntrix :: jdn 
Assemb l y 
cont i nue 
i f(iel.gt.l) go to 6060 
l co l " 0 
do 60S0 i 
do 6050 j 
e q (j. i) " 
continue 
I, nmax 
" l.nmax 
o 
nell " nell +l 
n " ne l l 
jdn " ndn (ne11) 
k c " 0 
do 6070 j " l, j dn 
n n :: nop [n .jl 
m = i abs (nn ) 
k " nopp (m ) 
i d f " mdf (ml 
rl(m) " rr(j) ·rl (m) 
do 6070 I :: 1,idf 
kc :: kc+l 
ii :: k +l- l 
if(nn.lt.O)ii = -ii 
n k, (kc) " ii 
continue 
Set up heading vector s 
,,==::"::,,===,,========,,== 
do 6080 l k " 1. kc 
node:: n k Il k ) 
if (lco l .eq.O)goto 6 100 
do 6090 I = 1.1col 
II = 1 
if (iabs (node) . eq. i abs (lhe d ( I ) ) ) go to 611 0 
6090 con t inue 
6100 lcol" lcol+l 
l dest (lk ) " leol 
lhed(lcol) :: node 
go to 6080 
6110 Idest(l k ) " 11 
IhedOlJ = node 
6080 continue 
if(lcol. l e.runax )go to 6130 
nerror :: 2 
wr ite(nl p,30 l 0)nerror 
stop 
6130 continue 
do 6110 1 :: l, kc 
11 '" Ides t (l) 
do 61 1 0 k " l . kc 
kk = ldest (k) 
e q(kk , ll ) " eq(kk .ll) +aa( k .l) 
611 0 continue 
if ( l col.lt. ncri t . and.nell. l t. ne l ) return 
c 
c Find ou t which matr i x elements are fully assembled 
c =======,,==,,=========="====="====""="===="===="==== 
6150 lc" 0 
i r " 0 
do 6160 1 = 1, l col 
k t " IhedO) 
if( kt.oe.O)go to 6160 
lc " lc+ l 
Ipi v \lc) '" 1 
k r o " i abs( k tl 
if(ncod( k ro).ne . l )go t o 6160 
ir " ir+l 
jmod(i r ) '" I 
ncod( k ro) = 2 
r l ( kro) = bc( kro) 
6160 continue 
c 
15 
6180 
6170 
6190 
6200 
c 
c 
c 
6220 
6210 
c 
Modify equat i o ns with a ppl i ed bound ary conditions 
"=,,==,,,,::::==========""==="'::=======,,=============,,:: 
if (ir . eq.O) g o to 6 1 90 
do 6170 irr " 1.ir 
k " )mod{irr) 
kh:: iabs(lhed(k)) 
do 6180 1 = 1,1col 
eq ( k .l) = o. 
Ih = iabs{lhed{l)) 
if(lh.eq.kh)eq(k.ll 1. 
continue 
continue 
continue 
if(lc.9t.0)90 t o 6200 
ncrit :: ncr i tt l O 
wri te. (nIp. 3020) ncri t 
if( ncr i t. l e.nlarg) return 
ne r ror = J 
writ~ (nlp.30301ne.rror 
stop 
cont i nue 
Search for absolute pivot 
pivot = O. 
do 6210 1 " 1,lc 
lpivc = Ipiv(l) 
kpivr '" lpivc 
piva :: eq(kpivr. Ipivc) 
if (abs(pivaJ .It.abs(pivotllgo to 6220 
pivot" piva 
Ipivco = Ipivc 
kpivr o = kpivr 
cont i nue 
continue 
H(pivot.eq.O.O) return 
c Normalise pivota l row 
c ==""=::::,,==::"======""" 
lco = iabs(lhed[lpiVco)) 
kro " lco 
i f (abs (pivot) . I t . O. Id-28) write (nIp, 3050) 
do 62 40 1 " 1 .1col 
qq(l) " eq( kpivr o.l) / pivot 
624.0 con t i nue 
rhs " rl\kr o)/pivot 
r l (k ro) " rhs 
pvkol( kpivro) = pivot 
c 
c 
c 
Eliminate t hen dele t e pivotal row and column 
6260 
6270 
6280 
6290 
6250 
6300 
if(kpivro.eq.1)90 t o 6300 
kpivr = kpivr o-l 
do 6250 k " l. kpivr 
krw = iabs(lhed(k)) 
fac = e q (k. l pivco) 
pvkol (k ) " f ac 
i f (lpivco.eq.l.or .fac e q .O.)gO t o 6270 
l p ivc = Ipivco-l 
do 6260 1 " l . lpivc 
eq(k,l) = eq( k .I)-fac'qq(I) 
continue 
if{lpivco.eq.lcol1 g o to 6290 
I pivc = I pivco+l 
do 6280 1 = Ipivc,lcol 
eq( k . l - 1 ) "eq(k.l)- f ac ' qq(l) 
continue 
(I (k " .... ) = r l (krw )- f ac ' rhs 
continue 
if( kpivr o.eq . l col)qo to 6360 
kpivr " kpivro.l 
do 6310 k = kpivr,lcol 
k rw " iabs(l hed( k )) 
fac :: eq{k.lpi vco) 
pvkol(k) '" fac 
i f {lpivco.eq.l)oo to 6330 
lpivc = Ipivco-l 
do 6320 1 1.1pivc 
e q {k -I.l) '" eq(k. l )-fac ' Qq(l) 
6320 con tinue 
" 
Ipivc " l~iv~O+l ."" .,.,;,v 
do 6340 1 " lpivc,lcol 
eq(k-l, l -l) = eq{k,I)-fac ' qq (l) 
63 40 conti nue 
6350 rl{krw): rl{krw) ~ fac · rhs 
63 10 conti nue 
6360 continue 
o 
c \'Irite pivotal equati on on disc 
c ==~===========""=="==========" 
wri telndl) x r o, lcol, Ipivco, ( lhed (I) ,qq (1) ,1 
do 6370 1 = 1,lcol 
eq(l,lcol) O. 
eq(lcol,l) " O. 
L lco l) 
6)70 conti nue 
o 
c Rearrange heading vectors 
c ==~=======,,============== 
lcol " l col-1 
H(1pivco.eq. l col-d)go t o 6390 
do 6380 1 " I pivcQ,lcoI 
Ihed(1) " Ihed(l +l) 
6380 continue 
6]90 con ti nue 
o 
o 
o 
o 
o 
o 
o 
o 
o 
o 
6410 
o 
, 
3010 
3020 
3030 
Determine whether to assemble,eliminate,or backsubstitute 
====="======="===="====:===== ==~========================= 
i f(lcol.gt.ncrit)go to 6150 
if(nell.lt.ne!) return 
if(lcol.gt.llgo to 6150 
ICe = iabs(lhed( l » 
kpi vro = 1 
pivot = eq(l,l) 
kro = lco 
Ipivco = 1 
qq(l) = 1. 
if(abs(pivot) .It.1d-28)go to 6410 
rl (kr ol = r l (kro) /pivot 
write (nd1) kro, lcol. Ipivco, lhed (1) ,qq (1) 
start baC k-substitution 
call bacsub 
1 (ntov , 
2 maxfr, 
ncod , 
qq 
main exit with SOlution 
continue 
format(f' nerror= ',i5// 
be 
Ihed 
<l, 
od1 
soln, 
l 
l ' the dif f erence omax-ncrit is not sufficiently large ' 
1 /' to permit the assembly o f the next element---' 
1 / ' either increase omax or lower ncrit ' 
11l 
f ormat ( , frontwidth value=', i 4 ) 
format( !' nerror =',i5 /! 
1 there "re no more rOil'S fully sllIMled, this may be due t o---' 
1 / ' (I) incorrect coding o f nop or nk a rrays' 
I !' (2) incorrect value of ncri t. i ncrease ncrit t o permit' 
1 /' who le front to be assembled' 
11) 
3050 f ormat(' warning-matrix singular or ill conditioned') 
o 
o 
, 
o 
o 
o 
o 
return 
'Od 
==~===========================;====~=========================~====~======= 
subroutine gaussp Inqaus, X9, cg) 
implici t double precision (a -h,o-z) 
x(g) 
C(g) 
spec ifies the coordinates o f the Gauss points 
speci fies the Gauss weights 
17 
, 
o 
o 
o 
o 
o 
o 
o 
o 
o 
, 
o 
o 
o 
o 
1010 
3010 
3020 
o 
, 
o 
o 
o 
o 
o 
, 
o 
, 
o 
dimension xg(3) ,cgO) 
if /ngaus .eq. l ) then 
xg(1) =O.O 
cg(1)= 2 .0 
elseif{ngaus.eq.2) then 
xg(l) O,577)5026919dOO 
x9(2) -X9(1) 
cg(l) 1. 00 
cg(2) 1.00 
else 
X9 (1) 
X9 (2) 
xg /J) 
cg( l ) 
cg(2) 
cg(3) 
endif 
return 
"od 
0,77 45966692 4dOO 
0.0 
-xg (1) 
0.55555555556dOO 
0.88888888889dOO 
cg ( 1 ) 
:"========""==================~=============================~===,,======== 
subroutine ge t bcd (nbc, ib<:, jbc, vbc, idvl, idv2, maxbc) 
implicit double precisi on la-h, o- ~) 
dimension ibc (maxhc), jbc (maxbc), vbc (maxbc) 
nbc number of nOdal constraint data 
ibc array for constrained nodal points 
jbc array for constrained degree o f freedom 
vbc array for boundary values 
udvl input device id. 
idv2 output device id, 
i f (. not. eo f (51») read (idv1,1010) ( ihc (ind ) ,jb<:(ind) ,vbc(ind) 
1 , ind=l,nhc} 
pr in t', "boundary conditions array read" 
writ~(id"2,3010) 
, .. 'I:it~ (idv2,30201 (ibc(ind) . jhc(ind) ,vbc(ind) 
1 ,ind=l,nbc) 
retut"n 
fo rmat(2i5, fI O 4) 
format (' ', 1/ I ,' ',20 (' , , ) . ' nodal constraint 
l' '.(8x ,'id.',7x,'dof',10x,'va!ue',10x)1) 
format (5x, i5, 5x, is, f17 . <\ ) 
end 
, ,20 (' • , J , f I 
==========================~=====================~======================== 
subrouti ne getelm (nel, ncn, node, idvl. idv2, maxeI) 
1 
impli c it dOUble prec ision( a - h, o-z) 
nc n numm.r of nodes per element 
node a rray for element connectivity data 
idvl input device id. 
idv2 output devi ce id . 
dimensi on node (maxel, ncn) 
do 6010 iel = 1 ,nel 
6010 if Lnot. eof(51)read ( idv1.1 010) iel . (node{iel.icn)'icn=1.ncn) 
print ' , "nodal connectivi ty array read" 
write (idv2,3010) 
do 6OZ0 jel " 1 ,nel 
6020 write ( idv2,3020 ) jel . (node(je l.icn),icn"' l ,ncnJ 
o 
return 
o 
18 
1010 format (10 1.8) 
3010 
)020 
, 
, 
, 
, 
, 
6020 
, 
founat!' ',Ill,' ',20(' * '),' elemel'lt connec t ivi ty ',20('''),11 
l ' ','id. ' ,5x ,'noda l-p oint e ntri es',1) 
format(iJ,5x, i 8,5x,i8,5x,i8,5x. i 8,5x,i 8 . 5x.iS,5x,i8,5x .i8,5x, 
liS) 
'nd 
subroutine getmat (nel, nmat, pmat, idvl, idv2. maxel) 
implicit double precision(a-h,o-z) 
nmat number of materials 
pmat array for material constants f or each element 
idvl input device id. 
idv2 output devide id. 
dimension pmat (maxel, 
" 
write (idv2,)010) 
do 6010 imat " 1 ,nmat 
if (. not. eof(5l» read(idvl.IOl0) rvisc, power, roden, gamad 
print ' . "material properties read " 
ifrom 1 
i t o nel 
do 6020 iel ifrom ,ito 
pma t (iel, 1) rvisc 
pmat(ie1.2) po .... 'er 
pmat {iel.J) roden 
pmat(iel.4) gamad 
roden 
rvisc 
power 
gamad 
continue 
density 
mu nought; consistency 
power law index 
shea r r"'te 
coef ficient 
dimens ion cord (maxnp, ndim) 
if (. not . eofl5l» relld (idvl,lOlO) (jnp . (cord(jnp,idf).idf:1.2) 
1 ,jnp=l.nnp 1 
1 
print ' , "nodal coordinates lIrray read' 
if (icord.eq.O) write(idv2,)010) 
write(idv2 ,)OJO) 
return 
(jnp ,(cord(jnp, i dEl, idf:1,2) 
,j np:l,nnp ) 
1010 f orrnat( i S,e20.12,e:20.1:2) 
)01 0 f ormat(' ',1//' '.20(' '' ),' nodal coordinates ',20("').11 
l' ' ,(7x.· id . ,lJ x .'x-coord·,13x.'y-coord·,20x lrl 
30)0 f ormat (' '. ilO, 10x, fIO. 6.10x , f10 . 6) 
, 
, 
, 
, 
, 
, 
, 
, 
, 
'nd 
===,,==========:====::::,,==::::=====:=:==::~======:===:::=========::=::::= 
subroutine putbev 
1 (nnp, nbc, ibc jbe vbc ncod, be 
2 maxbc, maxdf, maxel, node nel 
implicit double p r ecision(a-h.o-z) 
ncod array ,,, constraint s.dtch 
b, array ,,, storing contraint 
dimension ibo (maxbc) . jbe 
dimension ncod (maxdf) ,be 
do 6010 ind " 1 ,nbc 
i f(jbc(ind»2) go to 6010 
(maxhc) 
(maxdf) 
defined 
va lue 
.vbo 
, node 
jnd ibc\ ind j .. \jbc\ind)-l) ' nnp 
bc (jnd) vbc(ind) 
ncod (jnd) I 
6010 cont inue 
ia=nflp · :2.1 
ib=nflp ' 3 
do SOOl ic~ia,ib 
,,' every d. o. f. 
(maxbc I 
(maxel. 271 
wri te (idv2, 3020) 
wri te (idv2, 3050) 
write(idv2,)060) 
imat ,if r om , i to .rvisc ,power ncod(ic):1 
be (ic)=O.O 
roden gamad 5001 continue 
6010 
, 
continue 
return 
1010 format(4dl0 S) 
3010 f or mat(' '. /1 ' ' ,)5( " '),' material properties ',35(' '' ),// 
1 ',2 x ,' id.'. 5x. 'eid. (from-to) ',)x, 'consistency co-efficient' 
2,5x. 'power law index',/) 
3020 f ormat(' ·,i),i12,i4,Sx,glS.5,15x 0IS.5) 
30S0 f ormatU x, 
I' density shear rate'l) 
3060 f ormat (x g7. 1 ,6",'116.5) 
, 
C 
e od 
c::==:=:=:=======:::=~==="======:======"=====::=:=====:=====:=================" 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
subroutine '1etnod (nnp cord, idvl , idv2, maxnp. 
1 ndim icord ) 
implicit doubl e precision(a-h.o-z\ 
onp 
cord 
id..,1 
id..,2 
total number of nodal points in the mesh 
array f or nodal coordinates 
inpu t device id. 
output device id. 
19 
C pi ck up the corner nodes 
, 
, 
, 
, 
c 
, 
do 5002 iel = 1 . nel 
do 500) inp =19 , 2S, 2 
kc=iabs(node(iel,inp» 
ncod\kc):.O 
500) continue 
5002 continue 
return 
,od 
============::::=====:=======:==:==========::~===:======::====::======:== 
subrout i ne output (nnp, soln. maxdf. maxnp) 
implicit double precision{a-h,O-z) 
dimeflsion soln(maxdf) 
write (60,)QIO) 
if{icord.eq.O) write (60,J020) 
do 6010 inp 1,nnp 
jnp 
=p 
inp 
jnp 
oop 
nnp 
20 
6010 
3010 
3020 
3Q40 
o 
o 
write(60,3040)inp ,~oLn\inp),soln\jnp),soln!mnp) 
continue 
EQ~tl /' nodal velocities ano presures ' I) 
format ( , id, ux uy 
formatliS,2e13.4,eZ2.S1 
return 
eod 
pres' J) 
C ::~::~::::::::::::=:::::::::::::=::::::::::=:::::::=:::::::=::=:==::::::= 
, 
o 
o 
, 
o 
o 
, 
o 
o 
o 
o 
o 
o 
subroutine seci"v 
1. Inel "p 000 
b 
ngl!lus, 
del 
ndim 
node sinv 
2 cord p 
maxel, 
da vel 
3 maxnp. maxst, maxdf 
5020 
5010 
5000 
implicit double precision(a - h,o-z) 
dimension vel 
dimension node 
dimensi on p 
dimensi on b 
do 5000 iel: 1 
Iq 0 
do 5010 iO 1 
do 5010 ;0 , 1 
(maxd f ) 
(maxel.rn .... xst ) 
I , I 
( 2. 9) 
oel 
,ngaus 
, n gaus 
10 , Ig-o-1 
,cord 
.sinv 
,del 
(maxnp , 
(rnaxel, 
I '. 
ndim) 
nen) 
" 
rewind 1 5 
H(.not. eof(I5») read (15) iiel,iig,jjg,p.del,b,da 
xl O. 0 
ul 0 .0 
u11 0 0 
u12 0 0 
u21 O. 0 
un 0 ,0 
do 5020 icn ,ncn 
jcn : iabs (node(iel,icn) 
men " )cn -0- nnp 
com~nents o f the r~te o f deformation tensor 
'.111 u11 
u12 u12 
u21 u21 
u22 u22 
cont.inue 
bl 1, icn) ' vel Ijcn) 
b(2.ien) ' vel (jcn) 
h\l.icn) · vel\men) 
b(2, ien) ' vel (men) 
second invar iant of the rate of deformation tensor 
sinv \ie1,Ig):0 .12S' I (u11 +u11) • lu11+u11)-o-
1 (uI2 .. u21)' (uI2-o-u21) + 
2 lu21 " u12) ' lu21"u12) + 
3 (u22+ u22 ) ' (u22+u22 » 
cont inue 
continue 
return 
eod 
subroutine setpnm 
1 (nnp, nel 
2 ndn, ntrix. 
nen , 
maxdf, 
implicit double preeision(a-h.o-z) 
node. 
mdf , 
dimension node (maxel,maxst ), ndn (maxdf) 
dimension mdf (m .... xdf ), nopp (maxdf) 
21 
ndf , 
nopp 
ma>:el, maxst, 
I 
o 
, 
6010 
6020 
, 
o 
c 
, 
c 
o 
nto~al : ndf ' nnp 
ntrix : odE ' nen 
do 6010 ieI , 1 0.1 
ndn\iel) , ntrix 
do 60 10 icn , 1 ,nen 
'on :node \ iel. jen :icn .. ncn 
loo =ken~nnp 
nodel i el,jcn} lco 
jrrun=icn~nen ' 2 
nnn:ken~nnp'2 
node(iel,jmm) "0 
cont lnue 
icn) 
do 6020 idf 1. ntotal 
melt ( idE ) I 
nopp (idE) id! 
continue 
return 
.od 
=~:=~::",:==::~",=",::",::~::=:====::==::=:==:="",====::::::=="'======::===:::= 
sub r outine shape ( xi eta p, del. !'Ien) 
implicit double precision (a-h,o-z) 
dimension p(9) .del(2 9) 
if (ncn.eq.4) then 
del{l,l)'"-O 2S ' (1-et.al 
del(I.2): 0.25 ' (I-eta) 
del (1.)): 0 25' (l"e t.a) 
del (1.4):-0. 25 ' (l+eta) 
del (2, 1):-0.25 ' (I-xi) 
del 12,2) :-0. 25' (l~y.i) 
del(2,3)= 0 .2S ' (1+xi) 
del(2,4.): Q 2S'n-xi) 
p(1) ",0.25 ' ~l-xi) , \l -et.a) 
p(2):0 25 ' (l+xi)' (l-et.a) 
pO) "0.25 ' (l"xi) , ( l+eta ) 
pI4)",0 25 ' (I-xi) ' (l+eta) 
elseif (ncn.eq 8) then 
del(l,l)=O.S'xi-O.S ' xi ' eta-O 2S'eta"2+0 2S ' eta 
del\1,2)~0.S ' xi-0.S · xi·eta+O 25·et~ " 2-0.25 'eta 
del(1.3):O.S ' xi"0.S ' xi'eta+0 2S ' eta ' ' 2-0-0 2S 'eta 
del\l,4)=0.S ' xi . C,S ' xi ' eta-O 2S'eta " 2-0.2S ' eta 
del (1,5) =xi' I- I +eta) 
del\l,6)=0.S-C.S ' eta " 2 
del (1. 7) "'-xi ' (1 ~etA) 
del\l,8)=-0.S+O.S · eta "2 
de112.1)=C.S'eta-O.2S ' xi " 2-0.S 'x i ' eta +O.25 ' x 
de112,2):0.S ' eta-0.2S ' xi " 2-o-0 S 'e ta ' xi-0 .25 'x 
del\2.)~O.5'et .... · 0.2S'xi ·' 2 .. 0.S ' xi ' eta~0.2S ' x 
del(2,4)==0.5 ' eta+0.2S ' xi"2 -0 .S · xi ' eta-0 2S ' x 
del 12,5) :-0. S .. O. S 'xi ' '2 
del (2. 6)=- (l+xi) ' eta 
del (2,7) :0. S-O.S ' xi' ' 2 
del 12.8)=(- I'xi) ' eta 
p(1):O 25 ' (I-xi) ' (l-eta) ' (-l-x 'eta) 
pI2):0 25 ' (l~xi ) ' (1-eta) ' (-hx -eta) 
p(3):0 25 ' (1+ xi ) ' (I+eta) ' (-1 ~x .. eta) 
p(4):O 25 ' (l-xi) , O+eta) ' (-l-x .. eta) 
p(S)=O S'(I-xi " 2) ' (I-eta) 
p(6):O 5 ' (I .. xi) ' (l-eta" 2) 
p (7) =0 .5 ' (I-xi ' ' 2) , (1 "8ta) 
p(B)=O 5' (I-xi ) ' (I-eta ' ' 2) 
elseif (n e n.eq.9) then 
22 
c 
c 
del{ 1 ,1)~O.25 · (2 ' x i- l ) " (et~ " 2 -e ta ) 
del(l,21'" -xi ' (eta " 2-e t a) 
del (1, J )"0. 2S ' (2 ' xi + 1) ' (etll; ' • 2-ec",) 
del (1, 4 ).0.5 • (2 ' x i .. 1) · Cl-eta " Zl 
del (1, 5'''0.25 ' (2 ' x i-d! ' (eta ' ' a+eta) 
del(l,6)"-xi ' (eta " Z'- eta) 
del 0, 7) "0.25 ' (2 ' xi-l) ' (eta ' "2 +-e taJ 
de l (1. 8) sO. 5 • (2 ' ](i-l) ' (l-eta " 2) 
del(l,9}"'-2 ' xi " !l-eta " Z) 
del (;2.1).,0.25 ' Ixi ' ' 2- x il • (Z ' e ttl- l l 
del(J,21=O.S ' (l-xi " l) ' (Z ' eta-l) 
del (2 .31 ,,0.25 " (x i " :2 " xi) ' \2 ' eta-I) 
del (2, 4 ) :-euII' Ixi ' ' llxi} 
de l \2,5) :00. 25 ' (xi ' ' 2 .,.xi) • (2 ' e t,,"1 ) 
del(Z,6)z<O.5 ' ll- x i " 2) ' (2 ' etMl) 
del (2, 7) :0. 25 ' (xi ' ' 2 - x i) • (2 · et.a . l) 
del C2. 8) "-eta ' (xi ' ' 2 - x i) 
del(2.91=-2 " etll ' \l-xi " 2) 
pll)=02S ' (xi " 2-xij'jeta " 2-eta l 
p(2J"OS · (l-xi '· ;/I ' (eta·· 2-et.a! 
p/3)"'O 2S " (xi ' ' 2 . Y.i\ · (eta. ' ' 2-eta) 
p(4)~0.S ' (y.i " 2 ~ xi) ' ( l -eta " 2) 
p(S).O. 25 ' (xi ' ' hxi) , ~eta ' ' 2-f- e ta ) 
p\6!:O 5 ' U-xi ' ' 2) ' (eta. ' ' 2 +8t8) 
pl?)"O 2S ' (xi ' ' 2-xi) • (eta ' - 2 +e ta) 
p(B):O.S ' (xi ' ' 2-x il ' Il-eta ' ' 2 1 
p(9):(1-x i " 21 ' ( l -et.a " 2) 
end i! 
ret.ur n 
. nd 
C ~~S=Z==.$:z=~a"'.~=s"'=$===a========~::=:=:===$::=:::."'::",==~z~C==.Z=$==="': 
c 
$ubroutine v iscll (rvisc . power , visc 
implicit double pr ecision(a-n.o- z ) 
visc rvisc ' ( 14 ' <;JafMd ) .. (power - l. 0) / 211 
r et.urn 
.nd 
E n d o P r o o;J • m 
Appendix III Program Manual and Listing 
Sample Input Data Filea 
--------------- - ----------START OF FILE------------------------------
Hydrodynamic modelling 
3 
of flow in a r ectangular domain 
9 3 
25 4 29 1 
1 0 
0 . 0 0.0 
0 . 00001 0 . 00001 
10 . 00-10 10 . 00-10 
0 . 800+2 1 . 00000 0.9700+3 
1 0 .4 9999999E-02 
2 0.49999999E-02 
3 0 .49999999E-02 
4 0 .49 999999E-02 
5 0 .49 9999 99E-02 
6 0 .22499999E-01 
7 0 . 22499999E-01 
8 0 . 22499999E-01 
9 0 . 22499999E-01 
10 0 . 22499999E-Ol 
11 0 .4 0000003E-01 
12 0 .4 0000003E-Ol 
13 0.40000003E-Ol 
14 0 . 40000003E-Ol 
15 0 .4 0000003E-01 
1 6 0 . 57500005E-Ol 
17 0.57500005E-Ol 
18 0.57500005E-Ol 
19 0 . 57500005E-Ol 
20 0 . 57500005E-Ol 
21 0.75000003E-Ol 
22 0 . 75000003E-Ol 
23 0.75000003E-Ol 
24 0 . 75000003E-Ol 
25 0 . 75000003E-Ol 
1 1 6 11 12 13 
2 3 8 13 14 15 
3 11 16 21 22 23 
4 13 18 23 24 25 
2 1 0.1000 
3 1 0 . 1000 
4 1 0 . 1000 
1 1 0 . 0000 
6 1 0 . 0000 
11 1 0.0000 
16 1 0 . 0000 
21 1 0 . 0000 
5 1 0 . 0000 
10 1 0 . 0000 
15 1 0 . 0000 
20 1 0.0000 
25 1 0.0000 
2 2 0 . 0000 
3 2 0 . 0000 
2.000-1 
0 .49999999E-02 
0.62 499996E-02 
0 . 74999998E-02 
0.87499991E-02 
0 .9999999 8E-02 
0 .49999999E-02 
0 . 62499996E-02 
0.7 49 99998E-02 
0 . 87499991E- 02 
0 . 99999998E-02 
0 . 49999999E-02 
0.62499996E-02 
0 . 74999998E-02 
0 . 87499991E-02 
0.99999998E-02 
0.49999999E-02 
0.62499996E-02 
0 . 74999998E-02 
0 . 87499991E-02 
0.99999998E-02 
0 . 49999999E-02 
0 . 62499996E-02 
0 . 74999998E-02 
0 . 87499991E-02 
0 .9 9999998E-02 
8 3 2 
10 5 4 
18 13 12 
20 15 14 
7 
9 
17 
19 
Mesh, 
materi al and 
numerical 
data 
Nodal 
coordi nates 
Element 
connecti vity 
Boundary 
conditions 
m 
Appendix III 
4 2 
1 2 
6 2 
11 2 
16 2 
21 2 
5 2 
10 2 
15 2 
20 2 
25 2 
22 3 
23 3 
24 3 
0.0000 
0 . 0000 
0.0000 
0 . 0000 
0 . 0000 
0.0000 
0 . 0000 
0.0000 
0 . 0000 
0 . 0000 
0.0000 
0 . 0000 
0 . 0000 
0 . 0000 
Program Manllal and Listing 
Boundary 
conditions 
---------------------------END OF FILE------------------------------
"The fi gures presented here do not represent any physical problem reported in th is thesis. 
They serve to show the format of the Input data fi le. 
III 
Appendix III Program Manual and Listing 
Sample Output Data Fileb 
------ - -------------------START OF FILE--- - -- - ----------------- - -----
* * ** * * ** * * * * **** * **** * * * ******** * *************** * *********** 
• 
• 
• 
• 
A two dimensional finite element model of a 
non-Newt onian isothermal flow using the 
u-v-p method with Taylor- Hood elements. 
• 
• 
• 
• 
**** *** ***** * ** ***** * * * ** ** * ** * * ** ** * ** * * * * ** ****** * ******** 
Hydrodynamic modelling of f l ow in a rectangular domain 
[[[ element description data . , .. 
nO . of nodes per element 
no . of integr ation points 
•• • coor dinate s y stem i s Cartesian (planar) 
[[ [ mesh description data 
no. of nodal points 
no . of elements 
no. of nodal constraints on boundary 
no . oE different materials 
[ [ [ uniform body force vec t or . . 
gravl 
grav2 
• •• 
~ 
~ 
~ 
~ 
~ 
~ 
9 
3 
25 
4 
29 
1 
0 . 0000 
0 . 0000 
******** * ***** ** * ** * ** *material properties *** ** * ** * *** * ****** * ** * **** 
id . eid . (from-to) consistency co-efficient power law index 
1 1 4 80 . 000 1 . 0000 
density shear rate 
0 . IE+04 0.20000 
III 
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******************** nodal coordinates ******************** 
id . x-coord y-coord 
1 0 . 005000 0 . 005000 
2 0.005000 0 . 006250 
3 0.005000 0.007500 
4 0 . 005000 0.008750 
5 0 . 005000 0 . 010000 
6 0.022500 0.005000 
7 0.022500 0.006250 
8 0 . 022500 0.007500 
9 0 . 022500 0.008750 
10 0 . 022500 0.010000 
11 0.040000 0.005000 
12 0.040000 0.006250 
13 0.040000 0.007500 
14 0.040000 0 . 008750 
15 0.04 0000 0.010000 
16 0 .05750 0 0.005000 
17 0 .05750 0 0.006250 
18 0 . 057500 0 . 007500 
19 0 .0 57500 0.008750 
20 0 .0 57500 0 .010 000 
21 0 . 075000 0 . 005000 
22 0 .07500 0 0 . 006250 
23 0.075000 0 . 007500 
24 0.075000 0.008750 
25 0 . 075000 0 . 010000 
******************** element connectivity ******************** 
id. nod a 1 - P 0 i n t e n t r i e s 
1 1 6 11 12 13 8 3 2 7 
2 3 8 13 14 15 10 5 4 9 
3 11 16 21 22 23 18 13 12 17 
4 13 18 23 24 25 20 15 14 19 
********************* nodal constraint ******************** 
id. dof value 
2 1 0.1000 
3 1 0 .1 000 
4 1 0 .1 000 
1 1 0 . 0000 
6 1 0.0000 
11 1 0.0000 
16 1 0 . 0000 
21 1 0.0000 
5 1 0.0000 
10 1 0 . 0000 
1II 
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15 1 0 . 0000 
20 1 0 . 0000 
25 1 0 . 0000 
2 2 0 . 0000 
3 2 0 . 0000 
4 2 0,0000 
1 2 0 . 0000 
6 2 0 , 0000 
11 2 0 , 0000 
16 2 0 , 0000 
21 2 0 , 0000 
5 2 0 , 0000 
10 2 0 , 0000 
15 2 0 , 0000 
20 2 0 , 0000 
25 2 0 , 0000 
22 3 0 , 0000 
23 3 0 . 0000 
2 4 3 0 , 0000 
iteration 2 
nodal v elocities and pressures 
id . ux uy press 
1 O, OOOO E+OO O, OOOOE+OO 0 . 1322 634 1E+00 
2 0 ,1 000E+00 O, OOOOE+OO 0 , 13221124E+00 
3 0 , 1000E+00 O, OOOOE+OO o . 13210256E+00 
4 0 . 1000E+00 O. OOOOE+OO 0 , 13221124E+00 
5 O,OOOOE+OO O, OOOOE+OO 0 , 132263 4 1E+00 
6 O, OOOOE+OO O, OOOOE+OO 0 , 119 4 6057E+00 
7 0 , 9987E-01 0 , 4861E-05 0 , 11951680E+00 
8 0 , 1002E+00 0 , 6751E-11 0 . 11948939E+00 
9 0 , 9987E-01 -0 , 4861E-05 0 , 11951680E+00 
1 0 O, OOOOE+OO O, OOOOE+OO 0 , 1194 6057E+00 
11 O, OOOOE+OO O. OOOOE+OO 0 , 88 417081E- 01 
12 0 , 9976E-01 0 , 3550E-05 0 , 88385119E-01 
13 0 , 1005E+00 0 , 4101E-11 0 , 88342367E-Ol 
14 0 , 9976E-01 -0 . 3550E-05 0 , 88385119E-01 
15 O, OOOOE+OO O, OOOOE+OO 0 , 88 417081E-01 
1 6 O, OOOO E+ OO O, OOOOE+OO 0 . 469322 4 5E-01 
1 7 0 . 99 7 0E-01 0 , 1680E-05 0 ,4 6990030E-0 1 
1 8 0 , 1 006 E+ 00 0 , 2125 E-11 0 ,4 6 9777 44E-01 
1 9 0 , 9 970 E- 01 -0 , 1680E-05 0 , 46990030E-01 
20 O. OOOOE+OO O, OOOO E+OO 0 , 46932244 E-01 
21 O, OOOOE+OO O. OOOOE+OO 0 , 29715563E-03 
22 0 , 9968E-01 -0,3337E-07 O, OOOOOOOOE+OO 
23 0 , 1007E+00 0 , 1934E-12 O, OOOOOOOOE+OO 
2 4 0 . 9968E-01 0 , 3337E-07 O, OOOOOOOOE+OO 
25 O, OOOOE+OO O, OOOOE+OO 0 . 29715636E-03 
--------------------------- END OF F I LE------------------------- - -- - -
bThe figures presented here do not represent any phys ical problem reported in thi s thesis, 
They serve to show th e format of the Output data file, 
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